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Foreword

(This Foreword is not a part of ANSI/IEEE Std 176-1987, IEEE Standard on Piezoelectricity.)

The document presented herein is a revision of ANSI/IEEE Std 176-1978 which, in turn, had as its antecedents four
earlier standards on piezoelectricity. These earlier standards were prepared within the Standards Committee
framework of the IRE and later carried over and published as IEEE Standards: IEEE Std 176-1949 (R1971), Standards
on Piezoelectric Crystals; IEEE Std 177-1978, Standard DeÞnitions and Methods of Measurement for Piezoelectric
Vibrators; IEEE Std 178-1958 (R1972), Standards on Piezoelectric Crystals: Determination of the Elastic,
Piezoelectric, and Dielectric ConstantsÑThe Electromechanical Coupling Factor; and IEEE Std 179-1961 (R1971),
Standards on Piezoelectric Crystals: Measurements of Piezoelectric Ceramics.

The relationship of ANSI/IEEE Std 176-1978 to the earlier standards cited above can be summarized as follows:
ANSI/IEEE Std 176-1978 replaced IEEE Std 176-1959 and IEEE Std 178-1958.  IEEE Std 177-1966 has continued in
force up to the time this Foreword was written. IEEE Std 179-1961  has been allowed to lapse.

When ANSI/IEEE Std 176-1978 was written, the subcommittee that prepared it wanted to produce a standard that
would be useful to persons doing analytical work as well as to those working with materials and designing devices. A
large number of professionals within IEEE were then working in activities that involved extensive application of
computer programs for computer-aided design and analysis. With this in mind, a heavy emphasis was placed on
providing the analytical basis for piezoelectric formulations and for bringing deÞnitions of angles and axes into
agreement with those widely used in mathematical analysis. This thinking lay behind the sign changes associated with
the angles for quartz. The same point of view is also the reason for the use of a right-handed coordinate system to
describe both right-handed and left-handed quartz. Consequently, ANSI/IEEE Std 176-1978 attempted to introduce
three major changes relative to the practices recommended in earlier standards:

(1) Use of a separate sign convention for the piezoelectric constants of quartz was abandoned. Over the years, in the
course of its rise to prominence as the most important piezoelectric material, a number of different sign conventions
have been associated with quartz. In order to bring the sign conventions for the constants of quartz into agreement with
those used for other materials, the subcommittee decided in favor of changing the convention one more time.

(2) In part, some of the proliferation of sign conventions used with quartz was caused by the fact that quartz is an
enantiomorphous material existing commonly in left-handed and right-handed forms. A second important change
introduced by ANSI/IEEE Std 176-1978 was to abandon the practice of using a left-handed coordinate system with
left-handed quartz and a right-handed coordinate system with right-handed quartz, using instead a right-handed
coordinate system to specify the material constants for both forms of quartz and for any other enantiomorphous
material. This decision was prompted by the desirability of preserving the sign conventions for vector and tensor
quantities when doing analyses of device-related physical phenomena.

(3) DeÞnitions of electromechanical coupling factors based on interaction energies were abandoned. In ANSI/IEEE
Std 176-1978 , when a piezoelectric solid having a simple shape was used dynamically as a singly resonant element,
the material coupling factors were deÞned as they arose naturally in analytical solutions for electrically driven
vibrations. On the other hand, when the piezoelectric solid was used essentially statically as part of a large resonant
structure, the deÞnitions of material coupling factors were based on ratios deÞned in terms of quantities arising in
prescribed stress-strain cycles.

The three major changes in recommended practices, as described previously, have been continued in the present
standard, even though the new sign conventions for quartz have not in the meantime gained much acceptance by the
device industry using crystalline quartz.

This revision has left the basic content and structure of ANSI/IEEE Std 176-1978  unchanged. The following list of
sections is given with the purpose of summarizing the contents of the sections and providing a brief indication of the
changes that have been made.
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 Designation (Variable) HeaderTitleLeft (Variable)

                         
Section 1. IntroductionÑ1.1 contains a statement of the scope of the standard; 1.2 contains a discussion of units, and
Table 1, which is a list of symbols and their units; and 1.3 lists references.

Section 2. Linear Theory of PiezoelectricityÑThis section provides a concise review of the physical quantities,
theoretical concepts, and mathematical relationships basic to the linear theory of piezoelectricity. This section is
essentially unchanged.

Section 3. Crystallography Applied to Piezoelectric CrystalsÑA large part of the material in this section was Þrst
presented in IEEE Stds 176-1949 and 178-1958 and substantially revised when included in ANSI/IEEE Std 176-1978.
A number of changes have been made in this section. Several errors in Table 3, ÒSummary of Crystal Systems,Ó all
having to do with the point group symbols for the cubic system, have been corrected. The subsection 3.2.5.1,
Application to Quartz, has been rewritten to clarify the relationship of the sign conventions of the present standard to
those used in IEEE Std 176-1949. A major omission of the subcommittee that prepared ANSI/IEEE Std 176-1978 was
a table showing all the piezoelectric, dielectric, and elastic constants for both right-handed and left-handed quartz in a
right-handed coordinate system. This should have been done because quartz has been and continues to be the most
important piezoelectric material for technological and commercial applications, and because quartz exists commonly
in both forms. This oversight has been corrected by the inclusion of Table 6, ÒElasto-Piezo-Dielectric Matrices for
Right- and Left-Handed Quartz.Ó To further supplement the information on quartz and the conventions associated with
rotated cuts, Table 7, entitled ÒElasto-Piezo-Dielectric Matrix for Right-Handed Quartz,Ó has been added and Fig 6,
entitled ÒIllustration of a Doubly Rotated Quartz Plate, the SC Cut, Having the Notation (YXwl) 22.4°/-33.88°,Ó has
been included. Fig 5 in the 1978 version of this standard showed a GT cut of quartz as an example of a doubly rotated
cut and had an error in the drawing. This error has been corrected.

Section 4. Wave and Vibration TheoryÑThis section presents the results of analyses for plane wave motions and
vibrations in piezoelectric solids. The reader primarily interested in doing laboratory measurements need not be
concerned with the mathematical details of this section; however, this section does contain several cautionary remarks
of importance when resonator theory is used to interpret experimental results. An important reason for including this
section in the standard is that the analyses shown lead naturally to the deÞnitions of electromechanical coupling factors
for a number of cases of practical interest. In addition, this section provides the equations used in deriving numerical
results from the experimental techniques discussed in Section 5. Several of the equations in this section have been
changed to correct sign errors that appeared in the 1978 version.

Section 5. Simple Homogeneous Static SolutionsÑThis section presents the equations applicable for quasi-static
mechanical behavior and provides deÞnitions of quasi-static material coupling factors. No changes have been made in
this section.

Section 6. Measurement of Elastic, Piezoelectric, and Dielectric ConstantsÑThis section presents a brief review of the
measuring techniques and the important equations used to determine the electroelastic constants characterizing
piezoelectric materials. It includes a presentation of methods employing pulse-echo techniques and high overtone
modes as well as the more conventional fundamental-mode resonator techniques. It replaces the earlier treatment of
measurement techniques contained in IEEE Std 178-1958. The range of applicability of the measuring techniques and
the advantages and disadvantages associated with the different methods are discussed. The deÞnition of fp, originally
deÞned in IEEE Std 177-1966 for the simple equivalent circuit as the parallel resonance frequency, is generalized to
cover the case of materials with high coupling factors. No changes have been made in this section.

Section 7. BibliographyÑExcept for a few minor changes, the Bibliography remains essentially the same as in IEEE
Std 176-1978. 
iv Copyright © 1998 IEEE All Rights Reserved



                
ANSI/IEEE Std 176-1978  was prepared during the period from 1967 to 1978. The members of the Subcommittee on
Piezoelectric Crystals who participated in this work over this period were the following:

A. H. Meitzler, Chair    

D. Berlincourt
G. A. Coquin

F. S. Welsh, III H. F. Tiersten
A. W. Warner

The credits for the primary authorship of the various sections are as follows:

Section 1.: A. H. Meitzler

Section 2.: H. F. Tiersten

Section 3.: A. W. Warner, D. Berlincourt, A. H. Meitzler, and H. F. Tiersten

Section 4.: H. F. Tiersten

Section 5.: D. Berlincourt

Section 6.: G. A. Coquin and F. S. Welsh, III

In addition to the names mentioned above, there were others who were associated with the subcommittee at various
times during the period in which this standard was prepared and who made valuable contributions to the work of the
subcommittee. Those whose names should be mentioned here include R. Bechmann, J.L. Bleustein, E.M. Frymoyer,
and R.T. Smith. The preparation of the Þnal draft of ANSI/IEEE Std 176-1978  beneÞted greatly from the coordination
of activities and the moderation of differences of opinion accomplished by J. E. May, who in 1977 served as the
Chairman of the IEEE Technical Committee on Transducers and Resonators.
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T. R. Meeker
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An American National Standard

 IEEE Standard on Piezoelectricity

1. Introduction

1.1 Scope

This standard on piezoelectricity contains many equations based upon the analysis of vibrations in piezoelectric
materials having simple geometrical shapes. Mechanical and electrical dissipation are never introduced into the
theoretical treatment, and except for a brief discussion of nonlinear effects in Section 5., all the results are based on
linear piezoelectricity in which the elastic, piezoelectric, and dielectric coefÞcients are treated as constants
independent of the magnitude and frequency of applied mechanical stresses and electric Þelds.

Real materials involve mechanical and electrical dissipation. In addition, they may show strong nonlinear behavior,
hysteresis effects, temporal instability (aging), and a variety of magneto-mechano-electric interactions. For example,
poled ferroelectric ceramics, commonly called piezoelectric ceramics, are a class of materials of major importance in
commercial applications; yet because of the presence of ferroelectric domains, they exhibit a variety of nonlinearities
and aging effects which are not within the scope of this standard. Although this standard does not treat nonlinear or
aging effects in ceramics, it does present the equations commonly used to determine the piezoelectric properties of
poled ceramic materials and uses the elastoelectric matrices of the equivalent crystal class (6mm) in a number of
examples.

It is not possible to state concisely a speciÞc set of conditions under which the deÞnitions and equations contained in
this standard apply. In many cases of practical interest mechanical dissipation is the most important limitation on the
validity of an analysis carried out for an ideal piezoelectric material. ANSI/IEEE Std 177-1966 [5]1 discusses in detail
the electrical characteristics of resonators made of materials with mechanical losses and the simple equivalent circuit
that can be used to represent these resonators in a frequency range near fundamental resonance. Section 6. of this
standard also provides discussion of the bounds imposed on the application of this standard to real materials. In brief,
measurements based on this standard will be most meaningful when they are carried out on piezoelectric materials
with small dissipations and negligible nonlinearities, like single-crystal dielectric solids or high-coupling-factor
ceramics.

1.2 Symbols and Units

All equations and physical constants appearing in this standard are written in the International System of Units (SI
units), according to ANSI/IEEE Std 268-1982 [2]. Table 1 lists many of the symbols used and, where appropriate,
shows the units associated with the physical quantities designated by the symbols.

1The numbers in brackets correspond to those of the references listed in 1.3; when preceded by B, they correspond to the bibliography in Section 7.
Copyright © 1988 IEEE All Rights Reserved 1



  

IEEE Std 176-1987 IEEE STANDARD

                     
1.3 References

This standard is written to be a self-contained document useful to the reader without requiring other standards to be at
hand. However, the reader may Þnd that standards covering other related specialized topics, such as dielectric
materials, piezoelectricity, and piezomagnetism may aid implementation of this standard. A list of these related
references is given here.

[1] ANSI/EIA 512-1985, Standard Methods for Measurement of the Equivalent Electrical Parameters of Quartz
Crystal Units, 1 kHz to 1 GHz.2

[2] ANSI/IEEE Std 268-1982, American National Standard Metric Practice.3 

[3] ASTM D150-87, Tests for AC-Loss haracteristics and Dielectric Constant (Permittivity) of Solid Electrical
Insulating Materials.4

[4] IEC 444 (1973), Basic Method for the Measurement of Resonance Frequency and Equivalent Series Resistance of
Quartz Crystal Units by Zero-Phase Technique in a p -Network.5 

[5] IEEE Std 177-1978, Standard DeÞnitions and Methods of Measurement for Piezoelectric Vibrators. 

[6] IEEE Std 178-1958 (R1972), Standards on Piezoelectric Crystals: Determination of the Elastic, Piezoelectric, and
Dielectric Constants of Piezoelectric CrystalsÑThe Electromechanical Coupling Factor. 

[7] IEEE Std 179-1961 (RI971), Standards on Piezoelectric Crystals: Measurements of Piezoelectric Ceramics. 

[8] IEEE Std 319-1971, IEEE Standard on Magnetostrictive Materials: Piezomagnetic Nomenclature. 

2ANSI/EIA publications can be obtained from the Sales Department, American National Standards Institute, 1430 Broadway, New York, NY
10018, or from the Standards Sales Department, Electronic Industries Association, 2001 I Street, NW, Washington, DC 20006.
3IEEE publications can be obtained from the Service Center, The Institute of Electrical and Electronics Engineers, 445 Hoes Lane, PO Box 1331,
Piscataway, NJ 08855-1331.
4ASTM documents are available from American Society for Testing and Materials, 1916 Race Street, Philadelphia, PA 19103.
5IEC documents are available in the US from the Sales Department, American National Standards Institute, 1430 Broadway, New York, NY 10018.
2 Copyright © 1988 IEEE All Rights Reserved



   

ON PIEZOELECTRICITY IEEE Std 176-1987

                                                                                                                        
Table 1ÑList of Symbols and Their Units
Symbol Meaning SI Unit

a, b, c Natural axes of crystal meter

a Radius of a disk meter

cijkl, cpq Elastic stiffness constant newton per square meter

C Capacitance farad

C0 Shunt capacitance in resonator equivalent 
circuit

farad

C1 Series capacitor in resonator equivalent 
circuit

farad

dijk, dip Piezoelectric constant meter per volt = coulomb per newton

D (superscript) At constant electric displacement

Di Electric displacement component coulomb per square meter

eijk, eip Piezoelectric constant coulomb per square meter

E (superscript) At constant electric field volt per meter

Ei Electric field component volt per meter

f Frequency hertz

f1 Lower critical frequency, maximum 
admittance (lossless)

hertz

f2 Upper critical frequency, maximum 
impedance (lossless)

hertz

fa Antiresonance frequency (zero reactance) hertz

fr Resonance frequency (zero susceptance) hertz

fm Frequency of maximum impedance hertz

fn Frequency of minimum impedance hertz

fp Frequency of maximum resistance hertz

fs Frequency of maximum conductance hertz

Df fp Ð fs hertz

gijk, gip Piezoelectric constant volt meter per newton = square meter per coulomb

H Electromechanical enthalpy density joule per cubic meter

hijk, hip Piezoelectric constant volt per meter = newton per coulomb

J1(z) Modified quotient of cylinder functions 
(Eq 112)

Rod extensional coupling factor with 
transverse excitation

Rod extensional coupling factor with 
longitudinal excitation

Thickness-shear coupling factor

Thickness-extensional coupling factor

kp Planar coupling factor

l Length meter

L1 Series inductance in resonator equivalent 
circuit

henry

M Resonator figure of merit

m Mirror or reflection plane in a crystal

ni Outwardly directed unit normal

R1 Series resistance in resonator equivalent 
circuit

ohm

sijkl, spq Elastic compliance constant square meter per newton

S An arbitrary surface square meter

k31
l

k33
l

k15
t

k33
t

Copyright © 1988 IEEE All Rights Reserved 3
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2. Linear Theory of Piezoelectricity

2.1 General

In linear piezoelectricity the equations of linear elasticity are coupled to the charge equation of electrostatics by means
of the piezoelectric constants. However, the electric variables are not purely static, but only quasistatic, because of the
coupling to the dynamic mechanical equations. Thus, in order to provide an appropriate theoretical basis for the
material covered in this standard, the relevant mechanical and electrical Þeld variables will be brießy deÞned and the
pertinent mechanical and electrical equations presented in this section.

2.2 Mechanical Considerations

The Cartesian components of the inÞnitesimal mechanical displacement of a material point are denoted by ui.

NOTE  Ñ  Cartesian tensor notation is used throughout this standard. See Jeffreys [B1]. For a more complete discussion of
mechanical displacement, see Tiersten ([B2], Chapter 3, Section 1.).

The symmetric portion of the spatial gradient of the mechanical displacement determines the strain tensor Sij.

NOTE  Ñ  A comma followed by an index denotes partial differentiation with respect to a space coordinate.

S (superscript) At constant strain

Sij, Sp Strain component

T (superscript) At constant stress

Ti Traction vector component newton per square meter

t Thickness meter

Tij, Tp Stress component newton per square meter

n Velocity meter per second

w Width meter

X, Y, Z Rectangular axes of a crystal meter

xi Rectangular coordinate axis meter

X Electric circuit reactance ohm

Y Electric circuit admittance siemens

Z Electric circuit impedance ohm

a, b, g Angles between crystallographic axes second

bij Impermittivity components meter per farad

Î0 Permittivity of free space farad per meter

Îij Permittivity component farad per meter

G Motional capacitance constant farad per meter

q Temperature kelvin

r Mass density kilogram per cubic meter

s Entropy joule per kelvin

s Planar PoissonÕs ratio

t Time second

f Scalar electric potential volt

f, Q, Y Angles used in rotational symbol

w Angular frequency (2 p f) hertz

Symbol Meaning SI Unit
4 Copyright © 1988 IEEE All Rights Reserved
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Thus,

(1)

where

ui,j = ¶ui/¶xj

The antisymmetric portion of the mechanical displacement gradient determines the inÞnitesimal local rigid rotation
([B2], Chapter 3, Section 2.), which is allowed to take place without constraint in the continuum, and is of no
consequence in this standard. The velocity of a point of the continuum is given by

(2)

where t denotes the time. The mass per unit volume is denoted by r, which will be a constant for any material
throughout this standard.

The mechanical interaction between two portions of the continuum, separated by an arbitrary surface S, is assumed to
be given by the traction vector, which is deÞned as the force per unit area Ti acting across a surface at a point and
dependent on the orientation of the surface at the point.

NOTE  Ñ  For a more complete discussion of traction, see ([B2], Chapter 2, Section 1.).

In fact the existence of the traction vector and the integral form of the equations of the balance of linear momentum
determine ([B2], Chapter 2, Section 2.) the existence of the stress tensor Tij, which is related to the traction vector Tj
by the relation

(3)

where ni denotes the components of the outwardly directed unit normal to the surface across which the traction vector
acts. Clearly, Tij is a second-rank tensor.

NOTE  Ñ  The summation convention for repeated tensor indices is employed throughout. See [B1], Chapter 1.

From Eq 3 and the integral forms of the equations of the balance of linear momentum result the stress equations of
motion:

(4)

where, from the conservation of angular momentum, the stress tensor Tij is symmetric.

In linear theory the components of the vectorial ßux of mechanical energy across a surface are given by (-Tijj).

2.3 Electrical Considerations

In piezoelectric theory the full electromagnetic equations are not usually needed. The quasielectrostatic approximation
is adequate because the phase velocities of acoustic waves are approximately Þve orders of magnitude less than the
velocities of electromagnetic waves.

NOTE  Ñ  For more detail concerning the nature and limitations of the approximation, see ([B2], Chapter 4, Section 4.).

Sij
1
2
--- ui j, u j i,+( )=

ui uúi ¶ui ¶t¤= =

T j niT ij=

T i j i, ruúúj=
Copyright © 1988 IEEE All Rights Reserved 5
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Under these circumstances magnetic effects can be shown to be negligible compared to electrical effects. In electrical
theory the Cartesian components of the electric Þeld intensity and electric displacement are denoted, respectively, by
Ei and Di. In MKS units these two vectors are related to each other by

(5)

where Pi denotes the components of the polarization vector, and the permittivity of free space Î0 is given by

(6)

The electric Þeld vector Ei is derivable from a scalar electric potential j:

(7)

The electric displacement vector Di satisÞes the electrostatic equation for an insulator,

(8)

It should be noted that although the electric Þeld equations appear to be static, they are time dependent because they
are coupled to the dynamic mechanical equations presented in 2.2. The time-dependent vector ßux of electrical energy
across a surface is given by (+ ji), which is the degenerate form taken by the Poynting vector in the quasistatic electric
approximation.

NOTE  Ñ  For details concerning the derivation of the degenerate form of the Poynting vector for the quasistatic electric Þeld, see
([B2], Chapter 4, Sections 3. and 4.).

2.4 Linear Piezoelectricity

The conservation of energy ([B2], Chapter 5, Sections 1.Ð3.) for the linear piezoelectric continuum results in the Þrst
law of thermodynamics:

(9)

where U is the stored energy density for the piezoelectric continuum. The electric enthalpy [B3] density H is deÞned
by

(10)

and from Eqs 9 and 10 there results

(11)

Eq 11 implies

(12)

Di e0Ei Pi+=

e0 8.854 10 12Ð  F m¤×=

Ei  j i,Ð=

Di i, 0=

Uú T ijSij
ú EiDú i+=

H U EiDiÐ=

Hú T ijSúij DiEúiÐ=

H H Skl Ek,( )=
6 Copyright © 1988 IEEE All Rights Reserved
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and from Eqs 11 and 12 there result

(13)

(14)

where it should be noted that

(15)

in taking the derivatives called for in Eq 13.

In linear piezoelectric theory the form taken by H is

(16)

where , ekij, and  are the elastic, piezoelectric, and dielectric constants, respectively. In general there are 21
independent elastic constants, 18 independent piezoelectric constants, and 6 independent dielectric constants. From
Eqs 13, 14, and 16 with Eq 15 there result the piezoelectric constitutive equations:

(17)

(18)

Note that the substitution of Eqs 10 and 18 into Eq 16 yields

(19)

and there is no piezoelectric interaction term in the positive deÞnite stored energy function U. Since the ekij do not
appear in Eq 19, the positive deÞniteness of U places restrictions on the  and the , but not on the ekij. Note
further that the substitution of Eqs 1 and 7 into Eqs 17 and 18, and then Eqs 17 and 18 into Eqs 4 and 8 yields the four
differential equations

(20)

(21)

in the four dependent variables uj and j. Eqs 20 and 21 are the three-dimensional differential equations for the linear
piezoelectric continuum.

No notational distinction between the isothermal and adiabatic material constants is made in this standard. The scalar
symbols q and s are recommended for temperature and entropy to avoid confusion with the tensor symbols Sij and Tij
employed in this standard. Of course, under rapidly varying conditions, the adiabatic values of the constants are
understood, and under slowly varying or static conditions, the isothermal values are understood. The form of the
constitutive equations given in Eqs 17 and 18 is the only one that is useful for the three-dimensional continuum when

T ij ¶H ¶Sij¤=

Di ¶H ¶Ei¤Ð=

¶Sij ¶S ji¤ 0     i j¹,=

H
1
2
--- cijkl

E SijSkl ekijEkSijÐ
1
2
--- eij

S EiE jÐ=

cijkl
E eij

S

T ij cijkl
E Skl ekijEkÐ=

Di eiklSkl eij
S Ek+=

U
1
2
--- cijkl

E SijSkl
1
2
--- eij

S EiE j+=

cijkl
E eij

S

cijkl
E uk li, ekijj  ki,+ ruúúj=

ekijui jk, eij
S j ij,Ð 0=
Copyright © 1988 IEEE All Rights Reserved 7



IEEE Std 176-1987 IEEE STANDARD
no boundaries are present, because it is the only form that yields Eqs 20 and 21 from Eqs 4 and 8. There are, however,
other forms of the constitutive equations, and these become useful in certain speciÞc instances when boundaries are
present. The alternate forms that appear most frequently in the literature are presented and discussed in 2.6.

In order to write the elastic and piezoelectric tensors in the form of a matrix array, a compressed matrix notation is
introduced in place of the tensor notation, which has been used exclusively heretofore. This matrix notation consists of
replacing ij or kl by p or q, where i,j,k,l take the values 1, 2,3 and p,q take the values 1,2,3,4,5,6 according to Table 2.

The identiÞcations

(22)

are made. Then the constitutive Eqs 17 and 18 can be written:

(23)

(24)

where

(25)

NOTE  Ñ  The summation convention for all repeated indices is understood.

Table 2ÑMatrix Notation

It should be noted that when the compressed matrix notation is used, the transformation properties of the tensors
become unclear. Hence, the tensor indices must be employed when coordinate transformations are to be made. It
should also be noted that the time-dependent vector ßux of piezoelectric energy is the sum of the mechanical and
electrical terms mentioned in 2.2 and 2.3, respectively, and is given by

(26)

ij or kl p or q

11 1

22 2

33 3

23 or 32 4

31 or 13 5

12 or 21 6

cijkl
E cp  q

E  ,      eikl eip  ,      T ij T pº º º

T p cp  q
E Sq ek  pEkÐ=

Di eiqSq eik
S Ek+=

Sij  SP    when i j p, 1 2 3, ,= ==

2Sij Sp     when i j p, 4 5 6, ,=¹=

 T ijuú j jDi
úÐ( )Ð
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2.5 Boundary Conditions

In the presence of boundaries the appropriate boundary conditions must be adjoined to the differential Eqs 20 and 21
of the linear piezoelectric continuum. If there is a material surface of discontinuity, then across the surface there are the
continuity conditions ([B2], Chapter 5, Section 4.; Chapter 6, Section 4.)

(27)

(28)

(29)

(30)

where I indicates the values of the variables on one side and II the values of the variables on the other side of the
surface of discontinuity, and ni denotes the components of the unit normal to the surface. At a traction-free surface, the
boundary conditions, Eq 27, become

(31)

At a displacement-free surface, the boundary conditions, Eq 28, become

(32)

In more general cases different combinations of Eqs 31 and 32 apply. If the appropriate dielectric constant of the
material is large compared to the dielectric constant of air (vacuum), the boundary condition, Eq 29, at an air-dielectric
interface becomes, approximately,

(33)

where Di is the electric displacement in the material. On a surface with an electrode j must be either speciÞed or some
relation between j and niDi given. If the electrodes are short-circuited and the reference potential is zero,

(34)

at each electrode. If a pair of electrodes operates into a circuit of admittance Y, the condition is

(35)

where the ± depends on the orientation of the coordinate axes, A represents the area of the electrode, and the voltage
V is related to the potential difference according to

(36)

niT ij
I niT ij

II=

u j
I u j

II=

niDi
I niDi

II=

jI jII=

niT ij 0=

u j 0=

niDi 0=

j 0=

I niDú i sd
A

 

ò  YV±= =

V j 1( ) j 2( )Ð=
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NOTE  Ñ  For a discussion of circuit admittance, see ([B2], Chapter 15).

2.6 Alternate Forms of Constitutive Equations

For the unbounded piezoelectric medium, the only form of the constitutive equations which is of any value is given in
Eqs 17 and 18. Some other forms of the constitutive equations are

(37)

(38)

and

(39)

(40)

and

(41)

(42)

These latter forms of the constitutive equations, although exact, are employed in approximations which are valid under
certain limiting circumstances. The utility of any one of these three pairs of constitutive equations depends on the fact
that certain variables on the right-hand sides are approximately zero under appropriate circumstances. Consequently,
the set to use in a given instance depends crucially on the speciÞc geometrical, mechanical, and electrical
circumstances. As an example, for low-frequency vibrations of a rod one would use either Eqs 37 and 38 or Eqs 39 and
40, because under these circumstances all stress components vanish, either exactly or approximately, except for the
extensional stress along the length of the rod. However, it is not at all clear whether to use the Þrst or the second set
unless more speciÞc information concerning the shape of the cross section and placement of electrodes is given. In
fact, in a given instance it is quite possible that a different set of constitutive equations somewhere between the two
would be useful.

The relations between the coefÞcients appearing in the four sets of constitutive equations, Eqs 17, 18 and Eqs 37Ð42,
may be written

(43)

using the compressed notation introduced in 2.4 and where i,j,k = 1,2,3 and p,q,r = 1,2,3,4,5,6 and dij is the 3 á 3 unit
matrix and dpq is the 6 á 6 unit matrix. As a consequence of Eqs 22 and 25 the following relations hold:

Sij sijkl
E T kl dkijEk+=

Di diklT kl eik
T Ek+=

Sij sijkl
D T kl gkijDk+=

Ei gÐ iklT kl bik
T Dk+=

T ij cijkl
D Skl hkijDkÐ=

Ei hiklSklÐ bik
S Dk+=

cpr
E sqr

E dpg,=

bik
S e jk

S dij,=

cpq
D cpq

E ekphkq,+=

eij
T eij

S Diqe jq,+=

eip diqcqp
E ,=

gip bik
T dkp,=

cpr
D sqr

D dpq=

bik
T e jk

T dij=

spq
D spq

E dkpgkqÐ=

bij
T bij

S giqh jqÐ=

dip eik
T gkp=

hip giqcqp
D=
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(44)

and similar relationships hold for :

(45)

and similar relationships hold for giq. The piezoelectric constants hiq are related to the hijl in the same way that eiq are
related to the eikl, and the elastic constants  are related to the  in the same way that the  are related to the

.

3. Crystallography Applied to Piezoelectric Crystals

3.1 General

The gap between the treatment of piezoelectric solids using the theoretical concepts of continuum mechanics, as
presented in Section 2., and the application of the equations of that section to particular piezoelectric materials is
spanned by the branch of science called crystallography. Most piezoelectric materials of interest for technological
applications are crystalline solids. These can be single crystals, either formed in nature or formed by synthetic
processes, or polycrystalline materials like ferroelectric ceramics which can be rendered piezoelectric and given, on a
macroscopic scale, a single-crystal symmetry by the process of poling. Since the theoretical principles developed in
Section 2. are presented with the generality of tensor formulations, connection of the theory of Section 2. with real
piezoelectric materials requires as a Þrst step the deÞnition of crystal axes within the different crystallographic point
groups and the association of the crystal axes with the Cartesian coordinate axes used in mathematical analysis. In
addition to axis identiÞcation and association, the science of crystallography provides a highly developed
nomenclature and a wealth of data useful to engineers and scientists working with piezoelectric crystals. Such data are,
for example, atomic cell dimensions and angles, interfacial angles, optical properties, and X-ray properties.

3.2 Basic Terminology and the Seven Crystal Systems

The term crystal is applied to a solid in which the atoms are arranged in a single pattern repeated throughout the body.
In a crystal the atoms may be thought of as occurring in small groups, all groups being exactly alike, similarly oriented,
and regularly aligned in all three dimensions. Each group can be regarded as bounded by a parallelepiped, and each
parallelepiped regarded as one of the ultimate building blocks of the crystal. The crystal is formed by stacking together
in all three dimensions replicas of the basic parallelepiped without any spaces between them. Such a building block is
called a unit cell. Since the choice of a particular set of atoms to form a unit cell is arbitrary, it is evident that there is
a wide range of choices in the shapes and dimensions of the unit cell. In practice, that unit cell is selected which is most
simply related to the actual crystal faces and X-ray reßections, and which has the symmetry of the crystal itself. Except
in a few special cases, the unit cell has the smallest possible size.

In crystallography the properties of a crystal are described in terms of the natural coordinate system provided by the
crystal itself. The axes of this natural system, indicated by the letters a, b, and c, are the edges of the unit cell. In a cubic
crystal, these axes are of equal length and are mutually perpendicular; in a triclinic crystal they are of unequal lengths
and no two are mutually perpendicular. The faces of any crystal are all parallel to planes whose intercepts on the a, b,
c axes are small multiples of unit distances or else inÞnity, in order that their reciprocals, when multiplied by a small
common factor, are all small integers or zero. These are the indices of the planes. In this nomenclature we have, for
example, faces (100), (010), (001), also called the a, b, c faces, respectively. In the orthorhombic, tetragonal, and cubic

spq
E sijkl

E ,    i j and k l  p q, , 1 2 3, ,= = = =

spq
E 2sijkl

E , i j and k   l  p, 1 2 3, , , q 4 5 6, ,= =¹= =

spq
E 4sijkl

E , i  j and k   l  p q, ,¹ ¹ 4 5 6, ,= =

spq
D

diq dikl,     k l  q, 1 2 3, ,= = =

diq 2dikl,   k   l, q¹ 4 5 6, ,= =

cpq
D cijkl

D cpq
E

cijkl
E
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systems, these faces are normal to the a, b, c axes. Even in the monoclinic and triclinic systems, these faces contain,
respectively, the b and c, a and c, and a and b axes. As referred to the set of rectangular axes X, Y, Z, these indices are
in general irrational except for cubic crystals.

Depending on their degrees of symmetry, crystals are commonly classiÞed into seven systems: triclinic (the least
symmetrical), monoclinic, orthorhombic, tetragonal, trigonal, hexagonal, and cubic. The seven systems, in turn, are
divided into point groups (classes) according to their symmetry with respect to a point. There are 32 such classes,
eleven of which contain enantiomorphous forms (see 3.3.2). Twelve classes are of too high a degree of symmetry to
show piezoelectric properties. Thus twenty classes can be piezoelectric. Every system contains at least one
piezoelectric class. A convenient summary of the 32 classes with examples is given in Table 3.

The international crystallographic system [B4] (Hermann-Mauguin notation) plays a key role in the interpretation of
Table 4. In this system, an axis of rotation is indicated by one of the numbers 1, 2, 3, 4, 6. The number indicates
through its reciprocal the part of a full rotation about the axis which is required to bring the crystal into an equivalent
position in regard to its internal structural properties. The number 1 indicates no symmetry at all, since any structure
must come back into coincidence after a complete rotation, while 2 indicates a twofold axis of rotation. The Symbols
, , , ,  indicate axes of rotatory inversion. The symbol  implies a simple center of inversion. The symbol  is equivalent
to a reßection plane, and since reßection planes are so important a feature of the structure, the symbol for such a plane,
m, is written instead of . If an axis has a reßection plane perpendicular to it, this fact is written as part of the symbol
for that axis by following the number which describes the symmetry of the axis with the notation /m.

The designation for any class of symmetry is made up in the international system of one, two, or three symbols, each
indicating the symmetry with respect to one type of direction in the crystal. Crystallographically identical directions
are grouped together under one symbol. Thus a cubic NaClO3 crystal has three twofold rotation axes and four
threefold rotation axes, but the symbol is 23, because each twofold axis is identical, and each threefold axis is identical.
Only where the crystallographic directions are not identical are different symbols used. The Þrst symbol refers to the
principal axis of the crystal if there is one, indicating the type of symmetry of the axis and the existence of a mirror
plane perpendicular to that axis, if any. The second symbol refers to the symmetry of the second most important crystal
direction, giving the symmetry along that axis and a mirror plane perpendicular to it, if any. The third symbol states the
symmetry along the third most important direction. Table 3 lists the international point group symbols for all 32 point
groups, and Table 4 provides clariÞcation by identifying the symmetry directions for each crystal system. In all but the
cubic system, both the second and third directions need not be symmetry directions; in the cubic system, the third
direction need not be a symmetry direction; and in the absence of symmetry, no symbol is given.

To characterize a piezoelectric crystal, a set of piezoelectric constants is needed; and in order to make them
unambiguous, a sign convention is necessary for both the constants and the axis sense. A speciÞc relation between the
a, b, c axes of crystallography and the X, Y, Z axes is given in 3.2.1Ð3.2.6, and summarized in Table 3. The reader is
cautioned at this point that, without general agreement on sign conventions, there can be much confusion. Data
expressed in terms of one abcÐXYZ relation look very different from the same data in terms of another abcÐXYZ
relation. In this standard, the positive senses of the XYZ axes are deÞned such that certain piezoelectric constants are
positive. Details for determining senses of the XYZ axes are described in 3.5. The choice of the positive sense is
arbitrary in some cases. A discussion of static measurements related to sign determination will be found in 6.3.

3.2.1 The Triclinic System

A triclinic crystal has neither symmetry axes nor symmetry planes. The lengths of the three axes are in general
unequal; and the angles a, b, and g between axes b and c, c and a, and a and b, respectively, are also unequal. The a
axis has the direction of the intersection of the faces b and c (extend the faces to intersection if necessary), the b axis
has the direction of the intersection of faces c and a, the c axis has the direction of the intersection of faces a and b  (see
Table 3).

The X, Y, Z axes are associated as closely as possible with the a, b, c axes, respectively. The Z axis is parallel to c, Y is
normal to the ac plane, and X is thus in the ac plane. The +Z and +X axes are chosen so that d33 and d11 are positive.
The +Y axis is chosen so that it forms a right-handed system with +Z and +X.
12 Copyright © 1988 IEEE All Rights Reserved



ON PIEZOELECTRICITY IEEE Std 176-1987
T
ab

le
 3

Ñ
S

u
m

m
ar

y 
o

f 
C

ry
st

al
 S

ys
te

m
s

C
ry

st
al

 S
ys

te
m

In
te

rn
at

io
na

l
P

oi
nt

 G
ro

up
s

A
xi

s
Id

en
ti

fi
ca

ti
on

,
C

ry
st

al
lo

gr
ap

hi
c

A
xi

s
Id

en
ti

fi
ca

ti
on

,
R

ec
ta

ng
ul

ar
+/

-
A

xe
s

(N
ot

e
3)

Sc
ho

en
fl

ie
s

Sy
m

bo
l

E
xa

m
pl

e
F

or
m

ul
a

Sh
or

t
F

ul
l

c
a

b
X

Y
Z

T
ri

cl
in

ic
p

1
1

1(
01

0)
Z

X
C

1
A

m
in

oe
th

yl
 e

th
an

ol
am

in
e 

hy
dr

og
en

 d
-t

ar
tr

at
e 

(A
E

T
)

C
8H

17
O

7N
2

c o
 <

 a
o 

<
 b

o;
 a

, b
 >

 9
0°

1(
01

0)
C

1(
S 2

)
C

op
pe

r 
su

lf
at

e 
pe

nt
ah

yd
ra

te
C

uS
O

4á
5H

2O

p
2

2
2

1(
10

0
)

b
c

Y
C

2
E

th
yl

en
e 

di
am

in
e 

ta
rt

ra
te

 
(E

D
T

)
C

6H
14

N
2O

6

M
on

oc
lin

ic
p

m
m

/m
1(

10
0

)
b

c
Z

X
C

8(
C

1h
)

L
ith

iu
m

 tr
ih

yd
ro

ge
n 

se
le

ni
te

L
iH

3(
Se

O
3)

2

c o
 <

 a
o,

 b
 >

 9
0°

; a
 =

 g
 =

 
90

°
2/

m
1(

10
0

)
b

c
C

2h
G

yp
su

m
C

aS
O

4á
2H

2O

p
22

2
22

2
2

2
2

a
b

c
D

2(
V

)
R

oc
he

lle
 s

al
t, 

ex
ce

pt
 

be
tw

ee
n 

C
ur

ie
 p

oi
nt

s
N

aK
C

4H
4O

6á
4H

2
O

O
rt

ho
rh

om
bi

c
p

m
m

2
(S

ee
 N

ot
e 

1)
(S

ee
 N

ot
e 

1)
Z

C
2h

B
ar

iu
m

 s
od

iu
m

 n
io

ba
te

B
a 2

N
aN

b 5
O

15

c o
 <

 a
o 

<
 b

o;
 a

 =
 b

 =
 g

 =
 

90
°

m
m

m
2

2
2

a
b

c
D

2h
(V

h)
B

ar
ite

B
aS

O
4

T
et

ra
go

na
l

a o
 =

 b
o:

 a
 =

 b
 =

 g
 =

 9
0°

c
a 1

a 2

p
4

4
4

 
(a

1)
(a

2)
c

Z
C

4
Po

ta
ss

iu
m

 s
tr

on
tiu

m
 n

io
ba

te
K

Sr
2N

b 5
O

15

p
 

(a
1)

(c
2)

c
Z

S 4
A

no
rt

hi
te

C
a 2

A
l 2

Si
O

7

4/
m

4
 

(a
1)

(a
2)

c
C

4h
Sc

he
el

ite
C

aW
O

4

p
42

2
42

2
4

2
2

(a
1)

(a
2)

c
*

D
4

N
ic

ke
l s

ul
fa

te
 h

ex
ah

yd
ra

te
, 

Pa
ra

te
llu

ri
te

N
iS

O
4á

6H
2O

, 
T

eO
2

p
4m

m
4m

m
4

/m
/m

(a
1)

(a
2)

c
Z

C
4u

B
ar

iu
m

 ti
ta

na
te

B
aT

iO
3

p
2m

2m
2

2
(S

ee
 N

ot
e 

2)
Z

D
2d

(V
d)

A
m

m
on

iu
m

 d
ih

yd
ro

ge
n 

ph
os

ph
at

e 
(A

D
P)

N
H

4H
2P

O
4

4/
m

m
m

4
2

2
(a

1)
(a

2)
c

*
D

4h
Z

ir
co

n
Z

rS
iO

4

c
a 1

a 2
a 3

A
ny

tw
o

T
ri

go
na

l
p

3
3

3
 

(a
1)

c
C

3
So

di
um

 p
er

io
da

te
 tr

ih
yd

ra
te

N
aI

O
4á

3H
2O

(a
o)

1 
=

 (
a o

) 2
 =

 (
a o

) 3
 

(a
1)

c
C

3i
(S

6)
D

ol
om

ite
C

aC
o 3

M
gC

O
3

p
32

32
3

2
2

2
(a

1)
c

X
D

3
a

-q
ua

rt
z

Si
O

2

p
3m

3m
3

/m
/m

/m
(a

1)
c

Z
Y

C
3u

L
ith

iu
m

 n
io

ba
te

L
iN

bO
3

2 m---- 2 m----
2 m----

2 m----

4 m---- 4 m----
2 m----

2 m----
Copyright © 1988 IEEE All Rights Reserved 13



IEEE Std 176-1987 IEEE STANDARD
(S
ee

 2
.2

.5
)

m
2

2
2

(a
1)

c
D

3d
C

al
ci

te
C

aC
O

3

H
ex

ag
on

al
p

6
6

6
 

(a
1)

c
Z

C
6

L
ith

iu
m

 io
da

te
L

iI
O

3

(a
o)

1 
=

 (
a o

) 2
 =

 (
a o

) 3
(S

ee
 2

.2
.5

)
p

 
(a

1)
c

X
Y

C
3h

L
ith

iu
m

 p
er

ox
id

e
L

i 2
O

3

6/
m

6
(a

1)
c

C
6h

A
pa

tit
e

C
aF

2,
3C

a 3
P 2

O
8

p
62

2
62

2
6

2
2

2
(a

1)
c

D
6

b-
qu

ar
tz

Si
O

2

p
6m

m
6m

m
6

/m
/m

/m
(a

1)
c

Z
C

6u
C

ad
m

iu
m

 s
ul

fi
de

C
dS

p
m

2
m

2
2

2
2

(a
1)

c
X

D
3h

B
en

ito
ite

B
aT

iS
i 3

O
9

6/
m

m
m

6
2

2
2

(a
1)

c
D

6h
B

er
yl

3B
eO

áA
l 2

O
3á

6S
i

O
2

a 1
a 2

a 3

C
ub

ic
a o

 =
 b

o 
=

 c
o;

a
 =

 b
 =

 g
 =

 
90

°

p
23

23
2

2
2

(a
1)

(a
2)

(a
3)

Z
T

B
is

m
ut

h 
ge

rm
an

iu
m

 o
xi

de
B

i 1
2G

eO
20

m
3

2
2

2
(a

1)
(a

2)
a 3

*
T

h
Py

ri
te

Fe
S 2

43
2

43
2

4
4

4
(a

1)
(a

2)
a 3

*
O

C
ad

m
iu

m
 f

lu
or

id
e

C
dF

2

p
3m

3m
(a

1)
(a

2)
(a

3)
Z

T
d

G
al

liu
m

 a
rs

en
id

e
G

aA
s

m
3m

4
4

4
(a

1)
(a

2)
(a

3)
*

O
h

So
di

um
 c

hl
or

id
e

N
aC

l

N
O

T
E

S:
1 

Ñ
 Z

 is
 th

e 
po

la
r a

xi
s,

 w
hi

ch
 m

ay
 b

e 
a,

 b
, o

r c
. D

ep
en

di
ng

 o
n 

w
he

th
er

 a
, b

, o
r c

 is
 p

ol
ar

, t
he

 fu
ll 

in
te

rn
at

io
na

l p
oi

nt
 g

ro
up

 s
ym

bo
l i

s 
2m

m
, m

2m
, o

r m
m

2,
 re

sp
ec

tiv
el

y.
 X

 is
 p

ar
al

le
l t

o 
th

e 
sm

al
le

r o
f t

he
 n

on
po

la
r a

xe
s.

 
T

hu
s 

in
 c

la
ss

es
 2

m
m

, m
2m

, a
nd

 m
m

2,
 X

 is
 c

ho
se

n 
pa

ra
lle

l t
o 

c,
 c

, a
nd

 a
, r

es
pe

ct
iv

el
y.

2 
Ñ

 In
 c

la
ss

 2
m

 th
e 

ax
ia

l c
ho

ic
e 

is
 a

s 
lis

te
d 

he
re

 fo
r s

ix
 o

f t
he

 s
pa

ce
 g

ro
up

s.
 F

or
 th

e 
ot

he
r s

ix
 th

e 
a 

ax
is

 is
 c

ho
se

n 
at

 4
5 

de
gr

ee
s 

to
 th

e 
tw

of
ol

d 
ax

es
 in

 o
rd

er
 to

 h
av

e 
th

e 
sm

al
le

st
 u

ni
t c

el
l. 

In
 a

ll 
ca

se
s 

X
 a

nd
 Y

 a
re

 c
ho

se
n 

pa
ra

lle
l t

o 
th

e 
tw

of
ol

d 
ax

es
. S

ee
 2

.2
.4

.

3 
Ñ

 A
xe

s 
w

ho
se

 s
en

se
 is

 d
et

er
m

in
ed

 b
y 

th
e 

si
gn

 o
f 

a 
pi

ez
oe

le
ct

ri
c 

co
ns

ta
nt

. I
t d

oe
s 

no
t n

ec
es

sa
ri

ly
 h

av
e 

a 
po

la
r 

ax
is

.
Fo

r 
  

an
d 

* 
se

e 
te

xt
.

C
ry

st
al

 S
ys

te
m

In
te

rn
at

io
na

l
P

oi
nt

 G
ro

up
s

A
xi

s
Id

en
ti

fi
ca

ti
on

,
C

ry
st

al
lo

gr
ap

hi
c

A
xi

s
Id

en
ti

fi
ca

ti
on

,
R

ec
ta

ng
ul

ar
+/

-
A

xe
s

(N
ot

e
3)

Sc
ho

en
fl

ie
s

Sy
m

bo
l

E
xa

m
pl

e
F

or
m

ul
a

Sh
or

t
F

ul
l

c
a

b
X

Y
Z

3
2 m---- 6 m---- 6 m----
2 m----

2 m----

2 m----
3

4 m----
3

2 m----
14 Copyright © 1988 IEEE All Rights Reserved



ON PIEZOELECTRICITY IEEE Std 176-1987
3.2.2 The Monoclinic System

A monoclinic crystal has either a single axis of twofold symmetry or a single plane of reßection symmetry, or both.
Either the twofold axis or the normal to the plane of symmetry (they are the same if both exist, and this direction is
called the unique axis in any case) is taken as the b or Y axis. Of the two remaining axes, the smaller is the c axis. In
class 2, +Y is chosen so that d22 is positive; +Z is chosen parallel to c (sense trivial), and +X such that it forms a right-
handed system with +Z and +Y. In class m, +Z is chosen so that d33 is positive, and +X so that d11 is positive, and +Y
to form a right-handed system.

Table 4Ñ

NOTE  Ñ  Positive and negative may be checked using a carbon-zinc  ßashlight battery. The carbon anode connection will have the
same effect on meter deßection as the + end of the crystal axis upon release of compression. For more detail see 3.5 and
6.3.

3.2.3 The Orthorhombic System

An orthorhombic crystal has three mutually perpendicular twofold axes or two mutually perpendicular planes of
reßection symmetry, or both. The a, b, c axes are of unequal length. For classes 222 and 2/m 2/m 2/m unit distances are
chosen such that c0 < a0 < b0. For the remaining class, which is polar, Z will always be the polar axis regardless of
whether it is a, b, c in the crystallographerÕs notation. Axes X and Y will then be chosen so that X is parallel to the
remaining axis that is smallest. This class therefore may be properly designated mm2, 2mm, or m2m, depending on
whether c, a, or b is the polar axis. Axis sense is trivial except for the polar class for which +Z is chosen such that d33
is positive.

NOTE  Ñ  See note in 3.2.2.

3.2.4 The Tetragonal System

A tetragonal crystal has a single fourfold axis or a fourfold inversion axis. The c axis is taken along this fourfold axis,
and the Z axis lies along c. The a and b axes are equivalent and are usually called a1 and a2. There are seven classes of
tetragonal crystals, Þve of which can be piezoelectric; these are classes , 4, 2m, 422, and 4mm. Three of these have no
twofold axes to guide in a choice of an a axis; however, for all of them except  2m there is no alternative to the choice
of an a axis in such a way as to make the unit cell of smallest volume. In class  2m, which has a twofold axis, the
smallest cell may not have its a axis parallel to this axis. There are twelve possible arrangements of matter (space
groups) that have symmetry  2m. Of these twelve, six have the smallest cell when the a axis is an axis of twofold
symmetry, and six have the smallest cell when a is chosen at 45 degrees to twofold axes (while still perpendicular to
the c axis). The international tables for X-ray crystallography [B5] now use the smallest cell in all twelve cases. In

Significant Symmetry Directions for the International (Hermann-Mauguin) Symbol*

*The number after each direction indicates the multiplicity of that direction in the crystal.

Crystal System First Symbol Second Symbol Third Symbol

Triclinic None

Monoclinic b (1)

Orthorhombic a (1) b (1) c (1)

Tetragonal c (1) a (2) [110] (2)

Trigonal c (1) a (3)

Hexagonal c (1) a (3) Digonal (3)
[1010 axis]

Cubic a (3) [111] (4) [110] (6)
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order for this standard not to be in conßict it is therefore necessary to chose the a axis at 45 degrees to the twofold axes
in space groups Pm2, Pc2, Pb2, Pn2, Im2, and Ic2, of class  2m.

With classes 4 and 4mm the +Z axis is chosen so that d33 is positive and +X and + Y are parallel to a to form a right-
handed system. With class , +Z is chosen so that d31 is positive and +X and +Y are parallel to a to form a right-handed
system. In classes  2m and 422 the +Z axis (parallel to c) is chosen arbitrarily. In class  2m the +X and +Y axes are
chosen parallel to the twofold axes (which are not parallel to the a axis for the space groups listed) such that d36 is
positive. In class 422 the senses of the +X and +Y axes are trivial but they must form a right-handed system with +Z.

NOTE  Ñ  See note in 3.2.2.

3.2.5 The Trigonal and Hexagonal Systems

These systems are distinguished by an axis of sixfold (or threefold) symmetry. This axis is always called the c axis.
According to the Bravais-Miller axial system, which is most commonly used, there are three equivalent secondary
axes, a1, a2, and a3, lying 120 degrees apart in a plane normal to c. These axes are chosen as being either parallel to a
twofold axis or perpendicular to a plane of symmetry, or if there are neither twofold axes perpendicular to c nor planes
of symmetry parallel to c, the a axes are chosen so as to give the smallest unit cell.

The Z axis is parallel to c. The X axis coincides in direction and sense with any one of the a axes. The Y axis is
perpendicular to Z and X, so oriented as to form a right-handed system.

Positive-sense rules for +Z, +X, +Y are listed in Table 5 for the piezoelectric trigonal and hexagonal crystals. Further
rules for axis sense identiÞcation are given in 3.5 and 6.3.

NOTE  Ñ  See note in 3.2.2.

3.2.5.1 Application to Quartz

The axes according to the convention of this standard are shown in Fig 1 for right- and left-handed quartz. The
conventions for handedness and sense of the axes have changed several times in the past, so the electrical and optical
rules for determining these characteristics and the angular sense of common crystal cuts have been added. Brießy, the
relationship of the present convention for coordinate axes to that used in IEEE Std 176-1949  is (for both right- and
left-handed quartz) that the right-handed coordinate systems used in this standard are rotated 180° about the Z-axis
from the right-handed coordinate systems used in IEEE Std 176-1949. Further clariÞcation of the sign conventions
used in this standard is provided by the inclusion of Tables 6 and 7. Table 6 shows representative values of the
constants in the elasto-piezo-dielectric matrices for right- and left-handed quartz. The signs shown for the e11 and e14
constants are consistent with the conventions of this standard. Table 7 has been included to provide an example of how
the array of constants in the elasto-piezo-dielectric matrix changes under rotation of the axes, and is, for the speciÞc
case of an SC cut, made of right-handed quartz. The values for the constants used in Table 6 are taken from a
publication by Bechmann [B6].

3.2.6 The Cubic System

The three equivalent axes are a, b (=a), and c (=a), often called a1, a2, and a3. They are chosen parallel to axes of
fourfold symmetry or, if there is no true fourfold symmetry, then parallel to twofold axes. The X, Y, and Z axes form a
right-handed system parallel to the a, b, and c axes.

A positive d14 = d36 determines the +X and +Y axes after any one of the a1, a2, a3 axes is chosen arbitrarily as +Z.

NOTE  Ñ  See note in 3.2.2.
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3.3 Conventions for Axes

3.3.1 Relationship Between Crystallographic and Cartesian Axes

Axes are assigned to crystals according to Table 3, which summarizes the discussion in 3.2.1Ð3.2.6. Crystal classes are
listed using the international system to designate the class. The method of selection of both the crystallographic axes
and the rectangular axes of physics and engineering is to be read from the table. The symbols a, b, c are used for the
crystallographic axes; a0, b0, c0 refer to the dimensions of the unit cell along these axes; X, Y, Z are the rectangular
axes, which must always form a right-handed system, whether for a left- or a right-handed crystal. The symbols a, b,
g are used for the angles between the pairs of crystallographic axes (c and b, a and c, and b and a, respectively). Both
the international and the Schoenßies symbols are given, although the use of the former is preferred. In the column
ÒInternational Point GroupsÓ those classes which are piezoelectric are marked with a ÒpÓ. Under ÒAxis,Ó the numerals
2, 3, 4, 6 mean an axis of two-, three-, four-, or sixfold symmetry;  (read 4 bar) means a fourfold,  a sixfold axis of
inversion; m or /m is a plane of symmetry perpendicular to an axis.
Copyright © 1988 IEEE All Rights Reserved 17



IEEE Std 176-1987 IEEE STANDARD
Table 5ÑPositive Sense Rules for Z, X, and Y for Trigonal and Hexagonal Crystals

Figure 1ÑLeft- and Right-Handed Quartz Crystals, Trigonal Class 32

The procedure for determining the a, b, c axes of any crystal involves satisfying a series of conventions. The Þrst
convention is indicated under the name of each system, and gives general rules for identiÞcation of axes in terms of the
relative magnitudes of the unit distances and of the angles between the crystallographic axes. With orthorhombic

Class +Z +X +Y

3 Positive d33 Positive d11 Form right-handed system

32 Arbitrary Positive d11 Form right-handed system

3m Positive d33 Form right-
handed system

Positive d22

6 Positive d33 Arbitrary Form right-handed system

Form right-
handed system

Positive d11 Positive d22

622 Arbitrary Arbitrary Form right-handed system

6mm Positive d33 Arbitrary Form right-handed system

6m2 Arbitrary Positive d11 Form right-handed system
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ON PIEZOELECTRICITY IEEE Std 176-1987
classes 222 and 2/m 2/m 2/m, this one rule unambiguously prescribes all crystallographic axes. With monoclinic
crystals the b axis is deÞned in terms of the symmetry according to the third column under ÒAxis.Ó With the remaining
systems, except triclinic and orthorhombic, the c axis is the Þrst to be identiÞed and is always the axis of high
symmetry. Where the symbol   appears there is no special rule beyond that for the choice of the c axis, except that the
remaining axes shall be selected in such a way as to give the smallest cell consistent with the speciÞcation of c.

Table 6ÑElasto-Piezo-Dielectric Matrices for Right- and Left-Handed Quartz

Parentheses around a1 and a2 in columns for axis identiÞcation (tetragonal and cubic classes) indicate that the
designation is arbitrary as to which of the two crystallographic axes perpendicular to c (Z) shall be X. Parentheses
around a1 (hexagonal and trigonal) indicate that any of the three a axes may be taken as X. Except for class  2m, either
choice of sense may be made for the Z axis, after naming the X axis, and the choice will not affect the signs of the
constants. The only restriction is that the axial system shall be right-handed. In two tetragonal classes (422 and 4/m 2/
m 2/m) and three cubic classes (432, 2/m , and 4/m  2/m) this choice is trivial in the sense that the signs, values, and
matrix positions of elastic, dielectric, or piezoelectric constants are in no way affected thereby. These Þve classes are
designated by an asterisk (*) in the column for +/- axes.

Some nonpiezoelectric crystal classes (1, 2/m, 4/m, 3, and  3 2/m) have certain elastic constants whose signs depend
upon positive sense choice for the axes. No convention is established here for a unique choice of positive sense in these
cases.

NOTE  Ñ  The matrix et is the transpose of the piezoelectric matrix e.
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The column headed Ò+/- AxesÓ indicates classes for which the sense of the axis is chosen such that given piezoelectric
constants are positive.

NOTE  Ñ  See note in 3.2.2.

Where two axes are listed, the choice of the third axis is such that a right-handed system results. Where only one axis
is listed, the others may be chosen arbitrarily such that a right-handed system is obtained.

3.3.2 Treatment of Enantiomorphous Forms

In the eleven crystal classes (point groups) having no center of inversion or plane of symmetry, two different types of
the same species may exist. Each type is the mirror image of the other, neither type can be made to look exactly like
the other by a simple rotation. If the right crystal has right-handed rectangular axes, the axes of the left crystal will then
appear left-handed. However, it is standard crystallographic practice to use right-handed axial systems for all crystals,
whether right- or left-handed. This convention is adopted in the present standard for piezoelectricity. Under this
convention, the left-handed form should be regarded as the crystallographic inversion of the right-handed form, rather
than its mirror image.

Table 7ÑElasto-Piezo-Dielectric Matrix for Right-Handed Quartz (YXwl) 22.4°/-33.88°

NOTE  Ñ  The inversion operation consists of moving each point to the negative of its present position with respect to a point P
called the center of inversion. An inversion is equivalent to a 180-degree rotation about any axis through P followed by
reßection in a mirror perpendicular to this axis of rotation at the point P.

The eleven classes (point groups) that permit either right- or left-handed forms are triclinic 1, monoclinic 2,
orthorhombic 222, tetragonal 4 and 422, trigonal 3 and 32, hexagonal 6 and 622, and cubic 23 and 432. All but 432 are
piezoelectric. All eleven are included among the Þfteen optically active classes.

The signs of all elastic constants are the same for left- and right-handed crystals. All piezoelectric constants, however,
have opposite signs for left- and right-handed crystals.

NOTE  Ñ  For left-handed quartz, cE and ÎS are completely unchanged; all e terms are reversed in sign.
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In those classes in which enantiomorphous forms exist, the following rules identify the right-handed form for
transparent crystals:

1) Class 1. Right rotation of light propagating along the optic axis most nearly parallel to Z.
2) Class 2. Right rotation of light propagating along the optic axis most nearly parallel to Y.
3) Class 222. Right rotation of light propagating along either optic axis.
4) Classes 3, 32, 6, 4, 422. Right rotation of light propagating along the Z axis.
5) Classes 432, 23. Right rotation of light propagating in any direction.

NOTE  Ñ  This standard assumes that left-handed is synonymous with left-rotating (levorotatory) optical activity. This may not be
the case with all enantiomorphous crystals, and therefore reference to ÒdextrorotatoryÓ and ÒlevorotatoryÓ would be
more rigorous than Òright-handedÓ and Òleft-handed.Ó

Right rotation of light occurs if the polarization vector advances in the direction of a left-handed screw. This means
that in a polariscope the analyzer would have to be turned clockwise to keep the Þeld dark if the thickness of the crystal
were increased. This was described in more detail in 3.2.5.1 which deÞnes the axes of quartz.

3.4 Elasto-Piezo-Dielectric Matrices for All Crystal Classes

A simpliÞed presentation of the elasto-piezo-dielectric matrix for all seven crystal systems and 32 classes, using both
international [B4] (Hermann-MauguinÕs) and SchoenßiesÕ notation (the latter in parentheses), is shown in Table 8. The
tetragonal system and the trigonal system are divided into two groups designated as (a) and (b). For the tetragonal
system IV(b), s16 equals zero; for the trigonal system V(b), s25 equals zero. The 20 arrays of piezoelectric constants
reduce to 16 independent arrays, since the symmetry operations for n = 4 or n = 6 have the same effect on the
piezoelectric array and the arrays for classes 23 and  3m are identical. The arrangement of the classes in Table 8 is in
accordance with generally accepted practice. The numbers on the right-hand side of each array indicate, from top to
bottom, the number of the independent elastic, piezoelectric, and dielectric constants.

The symmetry type of polarized polycrystalline ceramic materials, such as barium titanate or lead titanate zirconate
ceramics, is associated with the crystallographic class 6mm of the hexagonal crystal system in regard to all those
physical properties that are described by tensors of ranks up to four and which include dielectric, piezoelectric, and
elastic phenomena.

The equations of state used to describe piezoelectric phenomena can be written in forms analogous to those used to
describe piezoelectric phenomena [B7]. Piezomagnetism is not considered in this standard except to note here that the
piezomagnetic matrices for speciÞc magnetic crystal classes cannot, as a general rule, be determined from the
piezoelectric matrices presented in this standard. See IEEE Std 319-1971  [8]. However, for the important cases of
poled piezomagnetic and piezoelectric ceramic materials, the matrices of the effective elastic, piezomagnetic, and
permeability coefÞcients for piezomagnetic ceramics are similar in form to the matrices of the effective elastic,
piezoelectric, and dielectric coefÞcients for piezoelectric ceramics.

Table 9 lists crystal classes according to occurrence of piezoelectricity, pyroelectricity, optical activity, and
enantiomorphism.

3.5 Use of Static Piezoelectric Measurements to Establish Crystal Axis Sense

The rules for identiÞcation of positive sense in the orthogonal X, Y, Z axes are summarized in 3.2 and 3.3. For the Þrst
axis to be identiÞed, a positive sign is required for the Þrst one of the following constants which does not vanish: d33,
d11, d22, d36, d31. A second axis is then identiÞed as to the sense by applying the rule to the next d constant in the
group, if any, which does not vanish. Finally the last axis is chosen such that a right-handed system results. With
crystals that are enantiomorphic, the rule is applied as stated to a right-handed crystal; for left-handed crystals the rule
reads ÒnegativeÓ rather than ÒpositiveÓ with reference to the piezoelectric constants.
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A positive value of d33 means unambiguously that tension (accomplished by release of compression) parallel to the Z
axis will cause a potential difference to be generated with its positive terminal on the +Z face, that is, the face toward
which +Z points from inside the crystal. The situation with d11 and d22 is identical with reference to +X and +Y,
respectively. With d36 the rule is that +Z becomes positive when a tensile stress is applied along a line 45 degrees
between +X and +Y. With d31 extension parallel to X causes +Z to become positive.

NOTE  Ñ  See note in 3.2.2.

Only with triclinic class 1 and monoclinic class m crystals is it necessary to specify effectively a short-circuit
measurement. With all other classes an open-circuit measurement may be used as well. For the short-circuit
measurement a large linear capacitor, that is, with capacitance at least 100 times that of the test specimen, should be
connected across a high-impedance voltmeter (preferably an electronic electrometer) in parallel with the test
specimen. The specimen should have metal electrodes deposited on the faces upon which a potential difference is
developed by the stress.

The specimen should be of such a shape that a one-dimensional compressive stress can be applied. For static
conditions and the parallel d constants (d33, d11, d22) this means that the largest lateral dimension on the electroded
face should not be more than about Þve times as great as the thickness. If the specimen is a square plate with edge
about twice the thickness, then the mechanical condition will be one virtually free of lateral constraint, and with a large
parallel capacitor all components of electric Þeld perpendicular to the plate will be virtually zero. For d36, a bar
elongated in a direction 45 degrees between +X and +Y and with thickness parallel to Z is chosen. Under these
conditions mechanical and electrical boundary conditions are satisÞed. The +Z face becomes positive on release of the
compressive stress applied parallel to the length of the bar. The choice of +X and +Y forms a right-handed system. For
d31 a bar elongated in the X direction and with thickness parallel to Z is chosen. The +Z face becomes positive on
release of compressive stress applied parallel to the length of the bar. The potential generated across the capacitor is
positive on the terminal connected on the positive end of the axis upon release of compression, negative upon
compression.
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Table 8ÑElasto-Piezo-Dielectric Matrices for the 32 Crystal Classes*

  *The numbers on the right-hand side of each scheme indicate, from top to bottom, the numbers of the independent elastic,
piezoelectric, and dielectric constants.
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Table 9ÑOccurrence of Piezoelectricity, Pyroelectricity, Optical Activity, and Enantiomorphism

NOTE  Ñ  See note in 3.2.2.

Care must be taken not to be confused by pyroelectric charges generated by temperature drift with polar crystals. If the
compressive stress is applied, stabilized to a nearly neutral condition, and then released rather suddenly,
piezoelectrically generated charges usually far exceed pyroelectrically generated charges. Care must also be taken to
apply a stress as nearly parallel to the desired axis as possible. Therefore faces perpendicular to this axis should
preferably be ßat and parallel.

3.6 System of Notation for Designating the Orientation of Crystalline Bars and Plates

3.6.1 General

A crystal plate cut from a single-crystal starting material can have an arbitrary orientation relative to the three
orthogonal crystal axes X, Y, and Z. The rotational symbol provides one way in which the plate of arbitrary orientation
can be speciÞed. The rotational symbol uses as a starting reference one of three hypothetical plates with thickness
along X, Y, or Z, and then carries this plate through successive rotations about coordinate axes, Þxed in the reference
plate, to reach the Þnal orientation.

Since rectangular plates are frequently used, the symbols l, w, and t denote the length, width, and thickness of the plate;
we use the notation l, w, t to denote the orthogonal coordinate axes Þxed in the reference plate. The rotational symbol
is deÞned by the convention that the Þrst letter (X, Y, or Z) indicates the initial principal direction of the thickness of the
hypothetical plate and the second letter (X, Y, or Z) indicates the initial principal direction of the length of the
hypothetical plate. The remaining letters of the rotational symbol indicate the successive edges of the hypothetical
plate used as successive rotation axes. Thus the third letter (l, w, or t) denotes which of the three orthogonal coordinate
axes in the hypothetical plate is the axis of the Þrst rotation, the fourth letter (l, w, or t) the axis of the second rotation,
the the Þfth letter (l, w, or t) the axis of third rotation. Consequently, if one rotation sufÞces to describe the Þnal
orientation of the plate, there are only three letters in the symbol, and if two rotations sufÞce, there are four letters in
the symbol. Clearly, no more than Þve letters are ever needed to specify the most general orientation of a plate relative
to the crystal axes by means of the rotational symbol. The symbol is followed by a list of rotation angles F, Q, Y, each
angle corresponding to the successive rotation axes in order. The speciÞcation of negative rotation angles consists of
the magnitude of the angle preceded by a negative sign. An angle is positive if the rotation is counterclockwise looking
down the positive end of the axis toward the origin. Thus an example of the rotational symbol for the most general type
of rotation might be

Crystal
System

Piezoelectric
Classes

Pyroelectric
Classes

Classes with
Optical Activity*

*Point groups that can have nonzero components of the gyration tensor [B8] are defined as optically active.
However, for uniaxial materials only those point groups that allow enantiomorphism can exhibit optical rotation
of polarized light propagating along the optic axis. This affects only classes 4 and 42m.

Classes with
Enantiomorphism

Triclinic 1 1 1 1

Monoclinic 2, m 2, m 2, m 2

Orthorhombic 222, mm2 mm2 222, mm2 222

Tetragonal 4, 4, 422
4mm,  42m

4, 4mm 4, 422
4,  42m

4, 422

Trigonal 3, 32, 3m 3, 3m 3, 32 3, 32

Hexagonal 6, 6, 622
6mm,  6m 2

6, 6mm 6, 622 6, 622

Cubic 23,  43m None 23, 432 23, 432
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(YXlwt) F/Q/Y

which means that initially the thickness and length of the hypothetical plate are along the Y and X axes, respectively,
the Þrst rotation of amount F is about the l axis, the second rotation of amount Q about the w axis, and the third
rotation of amount Y about the t axis. As a speciÞc example, consider the following:

(YZtwl)30°/15°/40°,

t = 0.80, l = 40.0, w = 9.03 mm

This is a speciÞcation for a plate whose thickness was initially chosen along the Y axis and the length along the Z axis.
The plate was then rotated successfully 30° about its thickness, 15° about its width, and 40° about its length. A
statement of the magnitude of t, l, w completes the speciÞcation for a prescribed plate or bar. If the Þnal plate or bar is
other than rectangular (that is, round or irregularly shaped), then the l and w axes must be given as speciÞc deÞned
orthogonal axes in the plane of the plate, at least one of which must be noted on the actual plate. If the plate is square,
one axis in the plane of the plate is speciÞcally identiÞed as l and the other as w.

3.6.2 Nonrotated Plates

Figure 2 shows two examples of nonrotated cuts. Note that only two letters are needed in the rotational symbol.
Practically all the commonly used ßexural and extensional mode (except the NT-cut) quartz resonators may be
obtained by a single rotation of the (XY) plate. Practically all the commonly used thickness and face-shear mode quartz
resonators may be obtained by a single rotation of the (YZ) plate.

3.6.3 Singly Rotated Plates

Practically all of the commonly-used ßexural and extensional mode (except the NT-cut) quartz resonators may be
obtained by a single rotation of the (XY) plate. Practically all the commonly used thickness-shear and face-shear mode
(except the SC-cut) quartz resonators may be obtained by a single rotation of the (YZ) plate. Figure 3 shows an
example of a singly rotated plate, in this case the commonly known AT cut. (Actually, the AT cut represents a family
of cuts where the precise value of the angle Q varies by as much as ±1°, depending upon the details of the starting
material and the speciÞc application.) In Fig 3, the plate has its length along the digonal (or X) axis and has the
rotational symbol (YXl) -35°. A BT-cut quartz plate with its length along the digonal axis has the rotational symbol
(YXl) 49°. An example of this cut is shown in Fig 4.

3.6.4 Doubly Rotated Plates

Figure 5 shows an example of a doubly rotated plate, in this case the GT cut. The rotational symbol has four letters
followed by two angles and is given by (YXlt) -51°/-45°. Another example of a doubly rotated cut is given in Fig 6,
which shows an SC cut. In this case, the rotational symbol that is used to specify the cut is (YXwl) 22.4°/-33.88°. As
in the case of the AT cut, the SC cut as shown here actually represents a family of cuts where the ranges in the angles
F and Q are ±2° in F and ±1° in Q, again depending upon the starting material and the speciÞc application.
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Figure 2ÑExamples of Nonrotated Plates

Figure 3ÑIllustration of an AT-Cut Quartz Plate Having the Notation (YXl) -35°

Figure 4ÑIllustration of a BT-Cut Quartz Plate Having the Notation (YXl) 49°
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Figure 5ÑIllustration of a Doubly Rotated Quartz Plate, the GT Cut,
Having the Notation (YXlt)-51°/-45°

Figure 6ÑIllustration of a Doubly-Rotated Quartz Plate, the SC Cut, Having the Notation (YXwl) 
22.4°/-33.88°

3.6.5 Triply Rotated Cuts

While no triply rotated bars or plates have found substantial applications, the rotational symbol provides for their use,
and the speciÞcation may be derived by an extension of the methods illustrated.
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4. Wave and Vibration Theory

4.1 General

Those interested in laboratory measurements only can omit this section. However, this section contains many
cautionary statements and is required for the description of certain thickness vibrators and extensional and cylindrical
resonators.

This section considers steady-state propagating and standing-wave solutions of the system of equations presented in
Section 2. These solutions are readily obtainable, provide much valuable information, and form the basis for many of
the equations used in connection with the measurements in Section 6.. In particular, plane-wave solutions for the
arbitrarily anisotropic, inÞnite piezoelectric medium are presented, and, as examples of the general theory, are
specialized to the cases of propagation along a particular principal direction for the somewhat similar crystal classes 32
and 3m. The, differences in the propagation characteristics are discussed for the particular principal direction
considered in the two crystals. The solutions for the frequencies of resonance and antiresonance for the thickness
vibrations of an arbitrarily anisotropic piezoelectric plate driven by electrodes on either the major (thickness-
excitation) or minor (lateral-excitation) surfaces of the plate are presented. In the case of thickness excitation of
thickness vibrations the general solution is applied to the special cases of Y-cut plates in the crystal classes 32 and 3m,
and it is shown that although a single piezoelectric coupling factor can be deÞned for the Y cut of crystal class 32, one
cannot be deÞned for the Y cut of crystal class 3m. The frequency equation for the thickness resonances under
thickness excitation in the general anisotropic case is shown to simplify considerably when the piezoelectric coupling
is small.

The approximate equations for the low-frequency extensional motion of anisotropic piezoelectric rods of rectangular
cross section are presented. The three different possible placements of driving electrodes on entire rectangular surfaces
are discussed. The solutions for the frequencies of resonance and antiresonance of the extensional modes of the rods
are presented for each of the three cases. The pertinent approximate equations for the low-frequency radial motion of
thin circular plates in crystal class C3, or the subclasses C3u, C6, C6u, with the fully electroded circular surfaces normal
to the three- or sixfold axes are presented. The solution for the frequencies of resonance and antiresonance of the radial
modes of the thin circular plate are presented.

4.2 Piezoelectric Plane Waves

For plane-wave propagation in the inÞnite medium, Eq 20 and Eq 21 may be combined to give ([B2], Eq 9.51)

(46)

where

(47)

denotes the piezoelectrically stiffened elastic constants for plane-wave propagation in the direction ni, where n = nixi
denotes the magnitude of length in the propagation direction and ni the components of the unit wave normal relative to
the crystal axes, and the convention that a repeated Greek index is not to be summed has been adopted. When the
second term in Eq 47 vanishes, the elastic constant is said to be unstiffened.

Steady-state plane-wave solutions of Eq 46 may be written

(48)

L jk
v( ) uk vv, ruúúj=

L jk
v( ) cijkl

E ninl emijnmnielnknlnn ers
S nrns¤+=

cvjkv=

u j A je
ix xö v utÐ( )=
Copyright © 1988 IEEE All Rights Reserved 29



IEEE Std 176-1987 IEEE STANDARD
where Aj represents the amplitude of each displacement component. From Eqs 46 and 48 the three wave velocities for
the direction ni may be found from the three assumed-positive eigen-values (n) of

(49)

by means of the relation

(50)

The displacement directions of the three waves are orthogonal because of the symmetry of . However, in general,
the three waves have displacement vectors that are neither parallel nor perpendicular to the propagation direction.
Nevertheless, for certain special directions in crystals possessing some symmetry, there may be a longitudinal and two
transverse waves or one transverse wave and two mixed waves. These purely longitudinal or purely transverse waves,
which propagate along certain symmetry directions, are frequently of signiÞcant practical value. As examples of the
foregoing general treatment, a speciÞc propagation direction in both quartz (class 32) and lithium niobate (class 3m),
which have some similar and some different features, are treated in this section.

The arrays of constants referred to the crystal axes [XYZ], which in this section are denoted by (x1, x2, x3) for a crystal
in class 32, may be obtained from Table 8. For propagation in the x2 direction, Eq 49 takes the form

(51)

where, from Eq 47,

(52)

is the piezoelectrically stiffened elastic constant for propagation in the direction ni = di2 for crystals in class 32. Eq 51
shows that in this case there are one stiffened piezoelectric shear wave and two purely elastic waves, each of which has
components of mechanical displacement normal and transverse to the direction of propagation.

The arrays of constants referred to the crystal axes for materials in crystal class 3m may be obtained from Table 8. For
propagation in the x2 direction, Eq 49 takes the form

(53)

where the piezoelectrically stiffened elastic constants C2jk2 =  may be determined from Eq 47 in the same way as
Eq 52. Eq 53 shows that in this case there are one unstiffened purely elastic shear wave and two stiffened piezoelectric
waves which have coupled longitudinal and transverse motions.

In the same manner, Eq 49 can be used to Þnd the plane-wave propagation properties for any orientation in any
piezoelectric crystal.

4.3 Thickness Excitation of Thickness Vibrations

NOTE  Ñ  This section deals only with the lossless resonator. In this case the phase of the admittance or the impedance is always
±p/2. The frequency commonly identiÞed as the resonance frequency is the lower of the pair of critical
frequencies identiÞed in this standard as f1 and f2. The lower critical frequency f1 is deÞned as the frequency
of maximum admittance (Y = i¥ for the lossless resonator). The upper critical frequency f2 is deÞned as the
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frequency of maximum impedance (Z = i¥ for the lossless resonator) and in this section, as well as in
common practice, this will be called the antiresonance frequency. These deÞnitions are used to avoid
confusion with the deÞnitions of IEEE Std 177-1978  [5]. In Section 6., which deals with measurements on
real materials, it is explained that f1 corresponds to fs and, under certain conditions, f2 corresponds to fp.

Figure 7ÑThickness Excitation of a Plate

A schematic diagram of the piezoelectric plate is shown in Fig 7. The anisotropic plate of thickness t is driven by the
application of an ac voltage across electrodes of thickness t¢ on the major surfaces, and the other dimensions are
sufÞciently larger than t that the boundary conditions on the minor surfaces can be ignored [B9]. The resonance
frequencies are given by the roots of the determinantal equation ([B2], Eq 9.69, and Chapter 16, Section 3.)

(54)

where the  are the components of the unit eigenvectors associated with each eigenvalue (n) of Eq 49 for the
direction xn, and

(55)

and r is the density of the plate material, r¢ the electrode density, and w the circular frequency.

The quantity R is a consequence of the inertia of the electrode plating. Eq 54 is a 3 ´ 3 transcendental determinant,
each term of which is very complicated. Eq 54 can be put in a simpler, more compact form, which is useful for many
purposes, and results directly from the expression for the electrical admittance (Y = I/V) of the oscillating crystal. For
V = Voeiwt, the admittance is given by

(56)
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where A is the area of one electroded surface of the plate, and

(57)

From Eq 56 the resonance frequencies of the oscillating crystal plate are given by the roots of the transcendental
equation ([B2], Eq 9.77)

(58)

It should be noted that Eqs 54, 56, and 58 are valid only when the thickness of the electrode is much less than a
wavelength, which condition can be written in the form

t¢ << pt/ga(n)

Either Eq 54 or Eq 58 shows that, in general, all three plane-wave solutions for the direction , discussed in 4.2, are
coupled by the boundary conditions at the conducting surfaces of the plate at resonance. Nevertheless, for certain
orientations of crystal plates with certain symmetries, major simpliÞcations in Eqs 54 and 58 result.

When the electrode inertia is negligible (R@0), the admittance, Eq 56, for an arbitrarily anisotropic crystal resonator
(with its major surfaces electroded) approaches zero for

(59)

which thus deÞnes the antiresonance frequency f2:

(60)

At that condition there is no coupling between the three different plane-wave solutions for the direction n. Eq 60 also
serves as a frequently useful approximation for the resonance frequency f1 at any overtone, for materials with small k,
and even for materials with large k at higher (³7) overtones, where g is very large. Eventually, however, a point is
reached beyond which the electrode inertia R is no longer negligible, and the relations 59 and 60 are no longer valid.
Moreover, if the overtones are sufÞciently high that the wavelength is of the order of t¢, even Eqs 54, 56, and 58 cease
to be valid.

As examples of the foregoing general treatment, a speciÞc orientation of both a plate of quartz (class 32) and a plate
of lithium niobate (class 3m) are treated in this section. In the case of Y-cut quartz, the symmetry results in a major
simpliÞcation of Eqs 54 and 58 while in the case of Y-cut lithium niobate the symmetry does not result in a major
simpliÞcation of Eqs 54 and 58. In both cases, the inßuence of electrode inertia is ignoredÑthat is, R is assumed to
vanish.

The orientation of the crystal axes of a crystal in class 32 with respect to the coordinate axes is the same as in 4.2. For
YÑcut quartz, the electroded surfaces of the plate are normal to the x2 direction, n = 2, and as a consequence of the
form of Eq 51  is not diagonal. Nevertheless, since the off-diagonal terms affect only purely elastic terms, Eq 58
yields the transcendental equation

(61)
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In Eq 61, k26 is the thickness-shear piezoelectric coupling factor for a Y cut of the material and is given by

(62)

In addition to Eq 61, Eq 54 yields the two transcendental equations

(63)

which govern two sets of purely elastic modes that cannot be driven electrically by a perfect thickness excitation, and
are not contained in the admittance relation Eq 56 because Eq 56 automatically excludes modes undriven electrically.
The transcendental equation (Eq 61) governs the set of piezoelectric thickness-shear modes which are driven
electrically by a perfect thickness excitation. The form of Eq 61 shows that the resonance frequencies are not integral
multiples of the fundamental [B10].

Lithium niobate, lithium tantalate, and tourmaline are among the crystals in class 3m. The orientation of the principal
axes of a crystal in class 3m with respect to the coordinate axes is the same as in 4.2. For a Y cut the electroded surfaces
of the plate are normal to the x2 direction, n = 2, and as a consequence of the form of Eq 53,  is not diagonal. In
this case the off-diagonal terms affect piezoelectrically stiffened terms and, as a consequence, Eq 58 yields the
transcendental equation

(64)

where

(65)

In addition to Eq 64, Eq 54 yields the transcendental equation

(66)

which governs a set of purely elastic thickness-shear modes that cannot be driven electrically by a pure thickness
excitation, and is not contained in the admittance relation Eq 56. The transcendental equation (Eq 64) governs the set
of piezoelectric coupled shear and extensional modes which are driven electrically by a perfect thickness excitation.
Eq 64 contains two dimensionless material coefÞcients k(2) and k(3), thereby showing that the two piezoelectrically
stiffened standing waves are coupled at the conducting surfaces for this principal orientation of the crystal plate.
However, although the lower modes must be determined analytically from the roots of Eq 64, the high overtones
(seventh and higher) are essentially elastic and may be determined from the roots of Eq 59. Moreover, for low coupling
materials, Eq 64 can usually be approximated by

(67)

unless the material constants are such that a(2) is not very different from a(3), or they bear some unusual relationship
to each other. In addition, for high coupling materials, the material constants may be such that there may be a few
orientations for which Eq 64 may be approximated by Eq 67. However, such orientations are best found analytically
after the fundamental material constants are determined from appropriate measurements [B11]. In any event the k(m)

are not simple combinations of the material constants as is k26 in Eq 62, but are given by the complicated combination
of the material constants shown in Eq 65.
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When the transcendental equation (Eq 54) factors into three separate parts, such as those shown in Eqs 61 and 63
(where electrode inertia is ignored), and electrode inertia is included, the transcendental equation governing the set of
piezoelectric thickness modes may be written in the form ([B2], Chapter 16, Section 3.)

(68)

in place of the form shown in Eq 61. An equation similar to Eq 68 holds in all other analogous cases discussed in this
section.

When the piezoelectric coupling factor  is small, that is, kiq Ç 1, as well as the electrode inertia, that is, R Ç 1, and
Eq 68 is valid, we may write ([B2], Chapter 16, Section 3.)

(69)

for particular values of i and q. From Eq 69 for the resonance frequency f1 and the condition for antiresonance, Eq 60,
the difference in frequency Df between the lowest antiresonance and resonance is given by

(70)

for small  and R.

In the same manner, Eq 58 can be used to Þnd the thickness vibrations of any orientation of any thickness excited
crystal plate.

4.4 Lateral Excitation of Thickness Vibrations

A schematic diagram of the piezoelectric plate is shown in Fig 8. The anisotropic plate of thickness t is driven by the
application of an ac voltage across electrodes on one pair of minor surfaces, which are taken normal to t. The length
and width to thickness ratios are sufÞciently large that the boundary conditions on the minor surfaces can be ignored
[B9], and the solution obtained for regions distant from the minor surfaces. For this case the electrical admittance per
unit width is given by

(71)

where

(72)

and

(73)

and the  are the components of the unit eigenvectors associated with each eigenvalue c(n) of

tan g a 1( ) g a 1( ) k26
2 Rg 2 a 1( )( )2+[ ]¤=

kiq
2

f 1
1
2t
----- 1 RÐ

4kiq
2

p2
---------- Ðè ø

æ ö   
c n( )

r
--------- è ø

æ ö
1 2¤

=

Df
1
2t
----- R

4kiq
2

p2
---------- +è ø

æ ö   
c n( )

r
--------- è ø

æ ö
1 2¤

=

kiq
2

Y +iw t l¤( )evv
*   k n( )( )2 ga n( )( ) 1Ð tan g a n( ) 1+

n=1

3

å=

k n( )( )2
bk

n( )etvk
*( )2

c n( )ett
*

--------------------------- ,   n 1 2 3, ,==

etvk
* etvk

etv
S evvk

evv
S

-----------------Ð=

ett
* ett

S
etv

S( )2

evv
S

---------------Ð=

bk
n( )
34 Copyright © 1988 IEEE All Rights Reserved



ON PIEZOELECTRICITY IEEE Std 176-1987
Figure 8ÑLateral Excitation of a Plate

Eq 49 for the direction xn, g and a are deÞned in Eq 55, and the driving Þeld between the electrodes has been assumed
uniform. From Eq 71 the resonance frequencies are given by the roots of the transcendental equation

(74)

and the resonance frequencies may be determined from the relation

(75)

Thus when the major surfaces are nonconducting, the piezoelectric standing-wave solutions of the differential
equations are not coupled at thickness resonance.

From Eq 71 the antiresonance frequencies (Y = 0) for lateral excitation of thickness vibrations are given by the roots
of the transcendental equation

(76)

Eq 76 shows that in general the three piezoelectric standing-wave solutions are coupled at thickness antiresonance for
lateral excitation. At high overtones Eq 76 may be approximated by Eq 74. When symmetry is present, Eq 76 can
frequently be simpliÞed considerably. The simpliÞcations are analogous to those discussed in 4.3. Lateral excitation is
of practical value as a method of electrically exciting unstiffened purely elastic thickness modes, from which certain
elastic constants may be determined from resonance measurements when appropriate symmetry exists [B11].
Consequently, the antiresonance solution is of no particular importance, and simpliÞcations in Eq 76 for particular
symmetries will not be discussed in this standard. Moreover, since the symmetry required for the lateral electrical
excitation of purely elastic thickness modes is directly related to the measurement program for the determination of all
the material constants for a particular crystal, discussion of some of these special modes is given in the section on
measurements, Section 6., where it more properly belongs.

4.5 Low-Frequency Extensional Vibrations of Rods

In the approximate equations for the low-frequency extensional motions of anisotropic piezoelectric rods of
rectangular cross section, three distinct cases have to be distinguished. These three cases have to do with the placement
of the driving electrodes relative to the cross-sectional geometry. In Fig 9 a rectangular rod of length l, thickness t, and
width w is shown, where l È t,l È w and w > 3t. In the Þgure the arbitrary coordinate axis 1 , relative to the crystal axes,
is directed along the rod axis, 3 in the thickness direction, and 2 in the width direction. In the low-frequency extensional
motion of thin rods it is appropriate to take the vanishing boundary stresses on the surfaces bounding the two small
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dimensions to vanish everywhere. Consequently, in all three cases all Tij vanish except T11 º T1. However, the
electrical conditions are different in each case.

If the surfaces of cross-sectional area lw are fully electroded, the appropriate electrical conditions are E1 = E2 = 0
everywhere, and the pertinent constitutive equations are

(77)

(78)

where

(79)

and V is the driving voltage; the carets have been placed on the constants to indicate that the constants are referred to
the coordinates 1, 2, 3, and the compressed matrix notation has been employed. The pertinent differential equation and
boundary conditions are

(80)

(81)

Figure 9ÑA Rectangular Bar Positioned in a Cartesian Coordinate System

The electrical admittance for V = V0eiwr is given by

(82)
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and  is one of the rod extensional piezoelectric coupling factors, and is given by

(84)

From Eq 82 the resonance frequencies are given by the roots of the transcendental equation

(85)

and the resonance frequencies may be determined from the relation

(86)

From Eq 82 the antiresonance frequencies are given by the roots of the transcendental equation

(87)

If the surfaces of cross-sectional area lt are fully electroded, the appropriate electrical conditions are E1 = 0 and D3 =
0 everywhere, and the pertinent constitutive equations are

(88)

(89)

where

(90)

and

-E2 = V/w

In this case the pertinent differential equation is obtained by replacing  by  in Eq 80, and the pertinent
boundary conditions are given by Eq 81, and it has been assumed that  is much greater than the dielectric constant
of the surrounding medium. Consequently Eqs 82Ð87 remain valid provided w and t are interchanged,  is replaced
by ,  by , 31 by , by , and  by .

If the surfaces of cross-sectional area wt are fully covered by an electrode, the appropriate electrical conditions are D2
= D3 = 0 everywhere, and the pertinent constitutive equations are
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The pertinent differential equations and boundary conditions are

(93)

(94)

(95)

where 2j0 = V is the amplitude of the driving voltage. In this latter case it has been assumed that the dielectric
constants of the material are considerably greater than the dielectric constant of the surrounding medium, and it is not
essential that the w/t relation be adhered to, or even that the rod have a rectangular cross section. It should be noted that
in all three cases the l/t È 1 and l/w È 1 requirements become more stringent as the piezoelectric coupling increases.

The electrical admittance is given by

(96)

where
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and

(98)

From Eq 96 the resonance frequencies are given by the roots of the transcendental equation

(99)

From Eq 96 the antiresonance frequencies are given by the roots of the transcendental equation

(100)

and may be determined from Eq 86 provided  is replaced by .

When the piezoelectric coupling factor  for rods is small, the expression

(101)

holds, where Df is the difference between the lowest frequency of antiresonance and resonance.
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4.6 Radial Modes in Thin Plates

A schematic diagram of a thin circular plate of a material in crystal class C3 or the subclasses C3n, C6, C6n, which
include the polarized ceramic, with the circular surfaces normal to the three- or sixfold axis is shown in Fig 10. The
major surfaces of the plate are fully covered by electrodes. The x3 coordinate axis is directed normal to the circular
surfaces in which r and q are measured. The plate is driven into radial vibration by the application of an ac voltage
across the surface electrodes. The differential equation for radial motion of the disk is [B12]

(102)

where ur is the radial component of displacement and

(103)

The pertinent constitutive equations are

(104)

(105)

where [B12], [B13]

(106)

and

(107)

where V is the driving voltage. The nontrivial boundary condition for the planar radial modes is
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Figure 10ÑRadial Mode Excitation of a Circular Disk

The steady-state forced vibrational solution of Eq 102, and satisfying Eq 108, may be written in the form

(109)

where w is the driving frequency, J1 is the Bessel function of the Þrst kind and Þrst order, and

(110)

The electrical admittance is given by

(111)

where J1 is the modiÞed quotient of cylinder functions [B14] of the Þrst order, deÞned by

(112)

and J0 is the Bessel function of the Þrst kind and zero order,

(113)

and may be interpreted as a planar PoissonÕs ratio. The coefÞcient kp is a planar radial piezoelectric coupling
coefÞcient for the thin circular polarized ceramic disk and is given by

(114)

It is related to the usual planar coupling factor kp by the relation

(115)
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and, where kp is related to k31, by the well-known relation

(116)

Combining Eqs 106, 111, and 115,

(117)

From Eq 111 the resonance frequencies are given by the roots of the transcendental equation

(118)

From Eq 111 the antiresonance frequencies (Y= 0) are given by the roots of the transcendental equation

(119)

When the planar piezoelectric coupling factor kp is small, the expression

(120)

holds, where Df is the difference between the lowest frequency of antiresonance and resonance, and h1, the lowest root
of

(121)

5. Simple Homogeneous Static Solutions

5.1 General

The characterization of a piezoelectric body is simpliÞed considerably under static conditions and at low frequencies
far removed from its lowest elastic resonance. In the general case there could nevertheless be fairly complicated
distributions of strain and electric Þeld. The usual case and the one considered here is, however, homogeneousÑthat
is, the strains and electric Þeld are independent of position. Quasistatic ßexure involves nonuniform strain and is
therefore not considered here.

Static and quasistatic measurements or applications are practical only with piezoelectric materials having high
permittivity and low conductivity. For the direct effect low permittivity requires an extremely high impedance electric
load, and conductivity causes internal leakage. For the converse effect conductivity constitutes a power drain, and with
low-permittivity piezoelectrics mechanical strains are low. Static and quasistatic measurements and applications are
thus generally considered only with ferroelectrics, primarily the piezoelectric (poled ferroelectric) ceramics. With
these, the product of volume resistivity and permittivity is generally over 103 seconds, and relative permittivities range
from 200 to 3500 at room temperature.
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5.2 Applicable Equations

Although Eqs 37 and 38 are valid in a strict sense only when the , dmij, and  are constants, the equations are
employed for certain purposes even when the , dmij, and  are not constants but are functions of the Tkl and Em.
For the applications of interest in this section, from Eq 37, set

(122)

for an increment of strain DSij at constant , and from Eq 38, set

(123)

for an increment of electric displacement DDn at constant . The use of this procedure makes it possible to obtain
values of dmij = dmij ( , ) from experimental procedures discussed in this section. When the dmij are constant, the
experimental curves are straight lines as shown in Fig 11(a) and (b), and the slope of the straight line in either Þgure
determines the value of that particular dmij. Typical experimental curves for variable dmij are shown in Fig 11(c) and
(d), and the values of a particular dmij = dmij ( , ) may be determined from the slopes of these curves. When the
material coefÞcients are constant, the procedure is completely justiÞed. However, when the material coefÞcients vary,
it should be noted that even though the procedure is not obtained from a proper nonlinear description, it turns out to be
useful for correlating experimental data under the aforementioned circumstances.

NOTE  Ñ  For proper nonlinear descriptions in existence in the open literature see [B15].

In view of these considerations, the piezoelectric constant dmij may in the static case be determined by measurement
of the strain DSij developed as a result of an applied Þeld DEm at constant stress. Alternatively, the charge density DDn
developed by an applied stress DTkl may be measured at constant electric Þeld. All piezoelectric d constants in which
i = j and k = l may be measured directly using bars or plates with edges oriented along XYZ. Details of measurement
schemes for face shear and thickness shear d constants are given in 6.4.5 and 6.4.7, respectively. The simple
characterization of piezoelectric elements involves the d constants for low-frequency and static applications and the e
constants for high-frequency applications. Since matrix inversion involves considerable multiplication of
measurement errors, it is recommended that the set of e constants not be derived from the set of d constants, but rather
be measured directly, using procedures outlined in 4.3 and 6.4.7.
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Figure 11ÑSchematic Illustration of Linear and Nonlinear Piezoelectric Behavior
(a), (b) Constant dikl  (c), (d) Variable dikl

The boundary conditions described for low-frequency or static measurements are summarized below:

1) For measurement of DSij, constant stress, only one component of electric Þeld changing.
2) For measurement of DDn constant electric Þeld, only one component of stress changing.

These conditions may be achieved readily with proper attention. For (1) it is necessary only that there be no change in
stress and that Em be the only time-dependent component of electric Þeld. This is readily accomplished in the static or
low-frequency case by maintaining a condition of zero stress and applying the electric Þeld parallel to a dimension
small with respect to the lateral electrode dimensions. For measurements of the type d31, the bar should be relatively
long and the thickness small.

NOTE  Ñ  Where speciÞc electroelastic coefÞcients are listed in this section, the matrix notation introduced in 2.4 is used.

For measurements of the type d33, experience shows that the lateral dimensions should be about twice the thickness;
this represents a compromise between boundary condition requirements (with rotated cuts or for classes 1 and m) and
mechanical displacement measurement accuracy.

For (2) the presence of only one time-dependent stress component is assured by the absence of stress other than that
provided to produce the stress Tkl, that is, cross expansion can occur readily. The electric Þeld is maintained constant
(at very close to zero) by a capacitor with at least 103 times the capacitance of the specimen across its electroded
terminals (102 is sufÞcient for the practical case where higher sensitivity is required). For all crystal classes except 1
and m, all components of the electric Þeld will be zero for cuts oriented along the X, Y, and Z axes. With crystal classes
1 and m, all components of the electric Þeld will be zero only if the electroded face is perpendicular to one of the three
principal axes of the dielectric ellipsoid. If the direct effect is to be used for the measurement of piezoelectric constants
of crystals in classes 1 and m, it is necessary that the thickness be small compared to the lateral electrode dimensions.
However, note that the technique can not be used for specimens in class m that are electroded on Y faces, because d32
is zero. A reasonable compromise for measurements of the type d33 is to have a lateral dimension twice the thickness
dimension. This assures reasonable freedom from lateral mechanical and electrical constraint. For measurements of
the type d31 the bar should be long, parallel to the applied stress, and thin between electrodes.
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Unless the piezoelectric element is only partially electroded, is subjected to a stress such that ßexure results, or is
subject to speciÞc lateral constraint, the strain and electric Þeld are homogeneous for the static and low-frequency
cases. The situation is somewhat more complex, for instance, with a piezoelectric bender. The convex side of the
bender is under tension and the concave side is under compression, and a point of zero stress exists in an intermediate
layer. There is also a distribution of stress along the length of the bender. In all the discussions in Section 5., only
conÞgurations with a homogeneous distribution of strain and electric Þeld are considered.

5.3 Applicability of Static Solutions in the Low-Frequency Range (Quasistatic)

Static solutions may be used not only for the strictly static case but also over a frequency range below which there is
no appreciable spatial variation in stress or electric Þeld. The speciÞc range depends somewhat upon the mechanical
Q of the specimen, but in general the error will be less than 1% and 0.1%, respectively, if the frequency is less than one
tenth or 0.03 times the lowest resonant frequency of the specimen.

The low-frequency range speciÞed extends into the kilohertz range except for large specimens. As an alternative to
resonance methods quasistatic measurements of piezoelectric constants are more convenient than purely static
measurements because of a more favorable impedance level and elimination of anomalous factors such as pyroelectric
response in polar crystals. Accuracy is better, however, using resonance methods. These are described in 6.4.

5.4 Definition of Quasistatic Material Coupling Factors

Characterization of piezoelectric crystals and ceramics can be accomplished through the piezoelectric, dielectric, and
elastic tensors, including all alternate forms described in 2.6. The coupling factors are nondimensional coefÞcients
which are useful for the description of a particular piezoelectric material under a particular stress and electric Þeld
conÞguration for conversion of stored energy to mechanical or electric work. The coupling factors consist of particular
combinations of piezoelectric, dielectric, and elastic coefÞcients. Since they are dimensionless, it is clear that the
coupling factors serve to provide a useful comparison between different piezoelectric materials independent of the
speciÞc values of permittivity or compliance, both of which may vary widely.

Figure 12 serves to illustrate graphically the meaning of the coupling factor  for the value 0.70 typical for a
piezoelectric ceramic. The element is plated on faces perpendicular to x3, the polar axis, and it is short-circuited as a
compressive stress -T3 is applied [Fig 12 (a)]. The element is free to cross expand so that T3 is the only nonzero stress
component. From the Þgure it can be seen that the total stored energy per unit volume at maximum compression is W1
+ W2. Prior to removal of the compressive stress, the element is open-circuited. It is then connected to an ideal electric
load to complete the cycle. As work is done on the electric load, the strain returns to its initial state. For the idealized
cycle illustrated, the work W1 done on the electric load and the part of the energy unavailable to the electric load W2
are related to the coupling factor  as follows:

(124)

Figure 12(b) illustrates conversion of energy obtained from an electrical source to mechanical work. The element is
mechanically free when the electric source is connected. Then the element is blocked mechanically parallel to x3
before the electric source is disconnected. Then with E3 = 0 the mechanical block is removed and in its place a Þnite
mechanical load is provided. For this idealized cycle the work W1 delivered to the mechanical load and the part of the
energy unavailable to the mechanical load W2 are related to the coupling factor  as follows:

(125)

Under static or quasistatic conditions, the spatial distribution of the strain and electric Þelds is uniform, and it is
possible to deÞne coupling constants of a material for a particular stress and electric Þeld conÞguration. These are
termed material coupling factors. For certain crystal classes and certain conÞgurations, it is not possible to have a
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simple resonant mode. It should be noted that not every quasistatic coupling factor corresponds to a coupling factor for
a piezoelectric mode discussed in 6.4.

Table 10 lists important static and quasistatic coupling factors with appropriate mechanical conditions. Other coupling
factors can be deÞned for other sets of boundary conditions, but those listed are the important ones.

5.5 Nonlinear Low-Frequency Characteristics of Ferroelectric Materials (Domain Effects)

Deviations from linear behavior which occur with ferroelectrics are due to mechanical and electrical inßuences on
domain conÞgurations. This will not be discussed in detail here. It should, however, be noted that such nonlinearities
are most pronounced under static and quasistatic conditions. Static and quasistatic measurements of piezoelectric
ceramics and ferroelectric crystals are thus subject to considerable variation dependent upon the amplitude of the
applied electric Þeld or mechanical stress. Best results are obtained by compromise between amplitude and sensitivity,
and choice of a periodic rather than strictly static stress or electric Þeld. Static or quasistatic measurements are
inherently less accurate than resonance measurements.

Figure 12ÑGraphic Illustration of Electromechanical Conversion and Definition of the Piezoelectric 
Coupling Factor   for the Value 0.70 Typical for Piezoelectric Ceramics Used in Transducers

(a) Conversion of Energy From a Mechanical Source to Electrical Work
(b) Conversion of Energy From an Electrical Source to Mechanical Work

k33
l
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Table 10ÑImportant Static and Quasistatic Coupling Factors

Domain-wall motion causes energy dissipation, especially at low frequencies, even under low-signal conditions when
the motion is reversible. It is therefore found that there is considerable variation in permittivity, compliance, and
piezoelectric response with frequency. Variations with frequency are most pronounced with ferroelectric materials
having relatively lossy permittivity and compliance. Changes may be as high as 5% per decade of frequency above
frequencies of about 1 Hz.

6. Determination of Elastic, Piezoelectric, and Dielectric Constants

6.1 General

The elastic, piezoelectric, and dielectric properties of a piezoelectric material are characterized by a knowledge of the
fundamental constants referred to a rectangular coordinate system Þxed relative to the crystallographic axes. A
determination of these fundamental constants requires a series of measurements on samples of various orientations.
There are a number of speciÞc sample geometries and experimental techniques that one can use to make the
measurements. The choice of which techniques to employ is subject to many considerations such as the size and shape

Material Coupling Factor Elastic Boundary Condition

All stress components zero except T1

All stress components zero except T3

All stress components zero except T6

*

*kp in this form holds only for ¥m, 6m, 3m, 3, and 6; sp = .

All stress components zero except T1=T2

T2, T1 only nonzero stress
S2 = 0

T3, T1 only nonzero stress
S1 = 0

S3 only nonzero strain

S5 only nonzero strain

NOTE  Ñ  Only the Þrst four coupling factors exist under static and quasistatic conditions. 
The others require static constraint that cannot strictly be provided except at 
resonance and with proper choice of relative dimensions.
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of samples and the instrumentation available. It is therefore not desirable to specify a single technique for measuring
piezoelectric materials. The quantities actually measured nevertheless must be related to the fundamental elastic,
piezoelectric, and dielectric constants by procedures that are theoretically sound. This section presents some examples
of experimental techniques and the related equations used for the determination of the electroelastic constants.

6.2 Dielectric Constants

The dielectric constants can be evaluated from measurements of the capacitance of plates provided with electrodes
covering the major surfaces. These measurements are best made at a frequency substantially lower (´ 0.01 or less) than
the lowest resonance frequency of the crystal plate, in which case the measurements yield the dielectric permittivities
as constant stress or ÒfreeÓ dielectric permittivities .

In a crystal of the triclinic system there are six ÒfreeÓ dielectric permittivities. From measurements of three plates cut
normal to the X, Y, and Z axes, the three dielectric permittivities , , and  are obtained directly. The remaining
three dielectric permittivities , , and  are found most directly from measurements on three plates rotated
about the X, Y, and Z axes, respectively. In all other crystal systems, fewer than six orientations are necessary.

At frequencies that are high compared to the principal natural frequencies of the plate but well below any ionic
resonances, and sufÞciently removed from high overtone resonance frequencies, the dielectric permittivities one
measures correspond to the constant strain or ÒclampedÓ dielectric permittivities . The relations between the
dielectric permittivities at constant strain and constant stress are given by Eqs 43, namely,

(126)

In practice it is found that the  can be measured with somewhat better accuracy than the , primarily because the
 are measured at low frequencies. For this reason it is recommended that the measured values of  be accepted

directly and that the  be calculated from Eq 126 once the piezoelectric constants are known. Since it is sometimes
necessary to know the value of an Îs to calculate a piezoelectric e constant from measured quantities, Eq 126 may have
to be solved for the Îs by iteration, particularly if the material in question has low symmetry. In this case it is
convenient to use a measured Îs, if possible, to start the iteration.

Measurements of the low-frequency dielectric permittivities are best made on a good quality capacitance bridge and
usually are straightforward (see ASTM D150-87 [3]). Some materials present special problems, for example, a
material with Þnite resistivity or a material that has low-frequency dielectric relaxations so that the dielectric
permittivities vary with frequency. Occasionally a crystal may have a very large dielectric anisotropy (such as
BaTiO3), in which case extreme care must be taken to minimize fringing Þelds when measuring the smallest dielectric
constants. This can be done by using a guard electrode as described in ASTM D150-87 [3], or by making the minor
surfaces of the sample ßat and perpendicular to the major surfaces and extending the electrodes beyond the edges of
the sample by a distance at least Þve times the sample thickness.

6.3 Static and Quasistatic Measurements

The earliest experimenters with piezoelectric materials determined elastic and piezoelectric constants by static tests.
Since it is difÞcult to control the electrical boundary conditions, static measurements of elastic constants are no longer
used for piezoelectric materials. However, static measurements of piezoelectric constants are still used occasionally,
and of course, static tests are necessary for determining the positive sense of coordinate axes as described in 3.5.

There has been some confusion regarding the use of static tests for determining the positive sense of axes, so the
technique is discussed in some detail here. Consider the plate-shaped sample shown in Fig 13. The major surfaces,
which are perpendicular to the x3 axis and are of area A, have electrodes that are shunted by a capacitor with
capacitance C. When a uniaxial stress T3 is applied to the sample, the equations governing the resulting charges and
Þelds generated by the stress are as follows:
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D3 d33T 3 e33
T E3+=
(127)

where t is the sample thickness, q is the charge on the upper plate of the capacitor, V is the potential difference between
the upper and lower plates of the capacitor, and it has been assumed that E1 = E2 = 0 due to the electrodes on the major
surfaces. When these equations are solved for V, which is the quantity one usually measures, one obtains

(128)

Thus V is positive if d33 > 0 and T3 > 0. If C È , Eq 128 reduces to

(129)

where F3 is the force applied to the crystal. The signs of the charges and Þelds shown in Fig 13 are correct for the case
d33 > 0 and T3 > 0, and are of course reversed if T3 is reversed in sign.

Static measurements [B16] of the magnitudes of piezoelectric constants can be made utilizing either the direct
piezoelectric effect or the converse effect. For the direct effect, application of a constant stress under conditions of zero
electric Þelds yields

(130)

Eq 130 provides the basis for many techniques for measuring the magnitudes and signs of the dip constants. The
electric Þeld is approximately zero inside a plate-shaped sample with electrodes on the major surfaces that are shunted
by a large capacitor. However, if the stress is to be applied to the major surfaces, it is then difÞcult, due to friction, to
ensure that the stress is uniaxial. Thus, as a compromise, the lateral dimensions should be about twice the thickness.
An additional problem with the use of the direct effect is that some of the charge generated by the application (or
removal) of the stress can leak off before it is measured. Drift due to pyroelectric effects causes further confusion with
crystals in polar classes.
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Figure 13ÑSigns of Charges and Fields for Static Test of Sample With d33 > 0 Under Tension

For the converse effect, application of a constant electric Þeld under conditions of zero stress inside the sample yields

(131)

Use of the converse effect is generally more accurate for measuring piezoelectric constants than use of the direct effect,
although the small strains produced by an electric Þeld of reasonable size can lead to experimental difÞculties. A
condition of zero stress within a sample can be assured regardless of its shape, and it is relatively easy to apply a
uniform electric Þeld. The strain can be measured with reasonable accuracy, approximately 1%, by means of strain
gauges or with interferometric techniques.

Since alternating electric signals eliminate the inßuence of pyroelectric effects and are more convenient to measure
than dc signals, a useful extension of static techniques is made by the application of an alternating stress or electric
Þeld to the sample [B16]. As long as the frequency of the applied signal is much less than the fundamental resonance
frequency of the sample with its mounting in the test instrument, Eqs 130 and 131 still apply, and improved accuracy
can be obtained in this way.

In general, static and quasistatic techniques for measuring piezoelectric constants are capable of reasonable accuracy,
a few percent or less under optimum conditions, and have proven useful in certain special cases. One example is
routine testing of poled ferroelectric ceramics. These techniques are not recommended in this standard, however, for
investigations of new crystals, particularly crystals with low symmetry, because dynamic methods are capable of
greater accuracy and can be applied easily to a much wider range of crystal orientations and sample geometries.

6.4 Resonator Measurements

The electrical properties of a piezoelectric vibrator are dependent on the elastic, piezoelectric, and dielectric constants
of the vibrator materials. Thus, values for these constants can be obtained from resonator measurements on a suitably
shaped and oriented specimen, provided the theory for the mode of motion of that specimen is known. The
measurements basically consist of determining the electrical impedance of the resonator as a function of frequency. In
principle it is necessary to measure the resonance and antiresonance frequencies, the capacitance, and the dissipation
factor well removed from the resonance range to obtain the information required for Þnding the material constants. In
some instances an accurate measurement of the antiresonance frequency cannot be made, and it is then convenient to

Sp dipEi=
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characterize the resonator by a lumped-parameter equivalent circuit and to calculate the material constants from the
measured parameters of this circuit.

6.4.1 The Equivalent Circuit

The impedance properties of a piezoelectrically excited vibrator can be represented near an isolated resonance by a
lumped-parameter equivalent circuit, the simplest form of which is shown in Fig 14.

NOTE  Ñ  The impedance and admittance functions for a piezoelectrically excited vibrator derived in Section 4. often can be
represented more exactly by a transmission line equivalent circuit [B17], [B18].

The representation of a piezoelectric vibrator by this circuit is useful only if the circuit parameters are constant and
independent of frequency. In general the parameters are approximately independent of frequency only for a narrow
range of frequencies near the resonance frequency and only if the mode in question is sufÞciently isolated from other
modes.

Figure 14ÑEquivalent Electrical Circuit of a Piezoelectric Vibrator

NOTE  Ñ  The close proximity in frequency of several modes of vibration may be represented by adding additional R-L-C branches
in parallel to the R1-L1-C1 branch shown. If the admittance of more than one of these branches is appreciable at a given
frequency, difÞculties are encountered.

Within this frequency range, the parameters generally approach constant values as the amplitude of vibration
approaches zero. The amplitude that can be tolerated before the parameters are appreciably affected varies widely
among vibrators of various types and can only be determined by experiment.

The motional resistance R1 in the equivalent circuit represents the mechanical dissipation of the piezoelectric
resonator, which is not considered in Sections 2. and 4.. A dimensionless measure of the dissipation is the quality
factor Q,

(132)

A detailed analysis of the piezoelectric vibrator for which the equivalent circuit of Fig 14 applies is contained in IEEE
Std 177-1977  [5].
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NOTE  Ñ  The case of higher mechanical losses where the equivalent circuit is assumed to hold exactly is described in [B19]. An
analysis accounting for dielectric, piezoelectric, and elastic losses is described in [B20].

A more complex equivalent circuit which accounts for parasitic elements due to the resonator mounting is treated in
[B21]. Every effort should be made to minimize the effects of these parasitic elements in resonators that are
constructed for the purpose of measuring material constants.

6.4.2 Effect of Dissipation on the Definition and Measurement of Frequencies Near Resonance and 
Antiresonance

The resonator theory presented in Section 4. applies to ideal lossless materials, in which case the resonator impedance
is purely reactive and the characteristic frequencies f1 and f2 are well deÞned. The dissipation present in real materials
obscures the deÞnition of these frequencies.

Whereas in the lossless resonator there are single frequencies (f1 and f2) which coincide with the admittance and
impedance maxima, respectively, there are, in a lossy resonator, three frequencies of interest near the admittance
maximum and, similarly, three frequencies near the impedance maximum. Accordingly, the critical frequencies f1 and
f2 each have three associated frequencies, f1 ® (fm, fs, fr) and f2 ® (fn, fp, fa) corresponding to maximum absolute
admittance (impedance), maximum conductance (resistance), and zero susceptance (reactance), respectively. In this
standard fs is deÞned as the frequency of maximum conductance and fp is deÞned as the frequency of maximum
resistance. These deÞnitions are independent of the lumped-parameter equivalent circuit.

The relative difference in the frequencies fs and fp depends on both the material coupling factor and the resonator
geometry. For this reason a quantity called the effective coupling factor has been used, particularly in Þlter design
literature, as a convenient measure of this difference:

(133)

Also the resonator Þgure of merit M is deÞned here in terms of keff and Q as follows:

(134)

When keff is small, this reduces to the deÞnition given M in IEEE Std 177-1978  [5].

The deÞnition given fs here is equivalent to the deÞnition given fs as the series resonance frequency of the equivalent
circuit in IEEE Std 177-1978  [5]. However, the deÞnition given fp here is equivalent to the deÞnition given fp as the
parallel resonance frequency in IEEE Std 177-1978  [5] only for resonators with small keff and high Q. The relations
given in IEEE Std 177-1978  [5] among the frequencies fm, fs, fr, fa, fp, and fn are accurate only for resonators with
small keff.

The critical frequencies of the lossy resonator must correspond to the critical frequencies of an ideal resonator made
from a lossless material having the same electroelastic constants as the actual resonator material. That is, if terms
accounting for dissipation were introduced into the basic equations of Section 2., and the electrical impedance of the
lossy resonator were calculated, the frequencies f1 and f2 would equal the characteristic frequencies obtained in the
limit as the dissipative terms approach zero.

For the evaluation of material constants it is always sufÞcient to substitute an experimental value of fs for f1 in the
equations of Section 4.. For resonators with M > 5, an experimental value of fp is equal to f2 within the experimental
error in determining the resistance maximum. In general, fp differs from f2 by about 1/Q2.

For resonators having M > 50 it is sufÞcient to use a measured value of fm or fr directly for f1, and a measured value of
fn or fa directly for f2. Techniques for measuring fm and fn are described in IEEE Std 177-1978  [5], the techniques for
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measuring fr and fa are described in IEC 444  (1973) [4]. When M < 50 it may be necessary to make corrections to the
quantities measured, or to make more detailed measurements on an admittance or impedance bridge to determine fs
and fp directly as described in [B21]. When M < 5 the frequency fp cannot be measured accurately, although fs can still
be measured with reasonable accuracy as long as Q > 5.

For all equations in the remainder of this section it is assumed that the correspondence f1 = fs and f2 = fp has been made.

6.4.3 The Motional Capacitance Constant and Measurement of the Motional Capacitance

In addition to the frequencies fs and fp the motional capacitance C1 of the equivalent circuit is a convenient parameter
for relating the resonator response to the elastic, piezoelectric, and dielectric material constants. In this connection it
is useful to deÞne the motional capacitance constant G = C1 (t/A), where C1 is the motional capacitance of the vibrator,
t is the linear dimension parallel to the direction of the electric Þeld, and A is the electrode area. The quantity G has the
same physical dimensions as a permittivity.

Three methods are described here for measuring C1. The Þrst method, which is preferred, is to measure the frequency
dependence of the resonator reactance near resonance with an impedance bridge. The points will lie approximately on
a straight line and the slope at f = fs is related to C1 by

(135)

The error in C1 is less than 1% for the resonators with M > 10.

A second method is to measure the motional resonance frequency fsL for the combination of a resonator in series with
a capacitor CL. A plot of fs/2(fsL - fs) versus CL then yields a straight line with a slope of 1/C1 as shown by the
following approximate relation:

(136)

Either side of Eq 136 should be greater than 10 for the approximation to be valid. This method is most suitable for
resonators with a high Þgure of merit, M > 50, and does not necessarily require the use of a bridge.

The third method, which is suitable for resonators with low Þgures of merit, is to make separate determinations of fs,
the quality factor Q, and the motional resistance R1. Then C1 is given by the expression

(137)

Values for Q and R1 can be obtained from measurements of the resonator conductance versus frequency on an
admittance bridge.

6.4.4 Relations Between Vibrator Response and Material Constants

For each of the modes of vibration analyzed in Section 4. there is a transcendental expression for the electrical
impedance Z(w) that, in the absence of losses, is exact except for the approximations made in obtaining the equation
of motion and boundary conditions. Expressions relating the frequencies fs and fp to the material constants are obtained
from the equations Z(fs) = 0 and 1/Z(fs) = 0, respectively.

The proper procedure for obtaining an expression that relates the motional capacitance constant to the material
constants is to match the equivalent circuit impedance. Zeq(w) (letting R1 = 0 for this calculation) and its Þrst derivative
to those of the exact impedance Z(w) at the frequency ws = 2pfs. Thus, from
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(138)

one obtains

(139)

and from

(140)

one obtains

(141)

The parallel capacitance C0 in the equivalent circuit is not easily related to the material constants. However, it is never
necessary to measure C0 for determining material constants. If one really wants a representative value for C0 of a
resonator, for example, for a Þlter application, one procedure is to Þnd the value that gives the best Þt to the correct
impedance over the frequency range of interest [B22]. Of course, if the coupling factor is small, 0.1 or less, then C0 can
be calculated accurately from the dielectric constant and dimensions of the resonator.

6.4.5 Length-Extensional Modes of Bars

The length-extensional modes of bars [B23] have particular signiÞcance for the determination of material constants
because these are the only simple modes of vibration for which the material can be an arbitrarily oriented crystal in
class 1. Measurements of the length-extensional modes of a sufÞcient number of independently oriented bars cut from
an asymmetric material will result in the determination of the nine elastic compliances:

S11, S22, S33, S15, S16, S24, S26, S34, S35

and six combinations of the remaining twelve compliances:

S44 + 2s23, S55 + 2s13, S66 + 2s12

S14 + S56, S25 + S46, S36 + S45

Here the compliances are  or , depending on whether the electric Þeld is applied perpendicular to or parallel to
the length of the bar.

For the other crystal systems the number of elastic compliances determinable from measurements on bars decreases
with increasing symmetry. Measurements limited to the extensional modes of bars are in no case sufÞcient to
determine all the elastic compliances.

For measurements with the electric Þeld perpendicular to the length of the bar, there are two distinct cases as discussed
in 4.5. Referring to Fig 9, only the case with the Þeld applied along the smallest dimension t is recommended for use
in determining material constants. In this case the electrical impedance of the resonator is given by

(142)
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where the quantities appearing in Eq 142 are as deÞned in 4.5. A measurement of the frequency fs determines the
elastic compliance  from

(143)

The electromechanical coupling factor  can be determined from the frequencies fs and fp:

(144)

where Df = fp - fs or from the motional capacitance constant

(145)

where Eq 145 is obtained by substituting Eq 142 into Eq 141. The piezoelectric constant d31 can then be calculated
from , , and , with its sign found by a static test. Measurements of this type on a sufÞcient number of
independently oriented bars will result in the determination of the nine piezoelectric strain constants:

d12, d13, d14, d21, d23, d25, d31, d32, d36

and six combinations of the other nine constants:

d26 - d11, d35 - d11, d34 - d22

d16 - d22, d15 - d32, d24 - d33

Here, of course, the constants are referred to the crystal axes, and some of them may be zero due to symmetry.

When the electric Þeld is applied parallel to the length of the bar resonator, the electric impedance is given by

(146)

where the quantities appearing in Eq 146 are as deÞned in 4.5. The elastic compliance  is determined from the
antiresonance frequency by

(147)

The electromechanical coupling factor  can be obtained from the frequencies fs and fp by

(148)

or from the motional capacitance constant by

(149)
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where q º , and Eq 149 is found by substituting Eq 146 into Eq 141. The expression for G is considerably more
complicated here than in the previous case with the Þeld applied perpendicular to the length of the bar. When  is
less than 0.1, then

(150)

is an adequate approximation to Eq 149. Values of the quantity  G for larger values of  are given in Table 11.

Table 11ÑMotional Capacitance Constants for the  Length-Extensional Mode of a Rod and the  
Thickness Mode of a Plate as a Function  of Electromechanical Coupling Factor

The piezoelectric constant 33 can be calculated from , , and . Measurements of this type on a sufÞcient
number of independently oriented bars will determine the three piezoelectric constants:

g11, g22, g33

and seven combinations of the remaining Þfteen constants:

g21 +g16,        g31 + g15, + g12 + g26,       

g13 + g35,        g23 + g34,        g32, + g24,     

g14 + g25 + g36

k G G/Îs

0.15 0.0183 0.0187

0.20 0.0327 0.0341

0.25 0.0513 0.0548

0.30 0.0744 0.0817

0.35 0.1020 0.1162

0.40 0.1342 0.1598

0.45 0.1715 0.2150

0.50 0.2138 0.2851

0.55 0.2617 0.3752

0.60 0.3153 0.4926

0.65 0.3749 0.6492

0.70 0.4411 0.8649

0.75 0.5141 1.1752

0.80 0.5946 1.6515

0.85 0.6828 2.4606

0.90 0.7794 4.1022

0.95 0.8850 9.0765
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Before carrying out measurements on bars, it is best to measure Þrst all of the dielectric constants , as outlined in
6.2. The frequency fs is always measured for each specimen. However, one has a choice of measuring either the
motional capacitance or fp. One important consideration used to make this choice is the sample capacitance. If it is
small, then the parasitic capacitance shunting the specimen can be comparable to the sample capacitance. This will
cause a measurement of fp to be erroneous. However, a parasitic shunt capacitance has no effect on measurements of
fs or the motional capacitance. When the sample capacitance is large enough, a measurement of fp is simpler and is to
be preferred.

The bar specimens should be narrow enough to render unimportant any errors due to the inßuence of the width-length
ratio. For measurements of the frequency constants the width-length ratio should be less than 0.1 to approximate the
assumed inÞnitely narrow bar. However, for measurements made to obtain the coupling factor, the width-length ratio
can be increased to 0.3 for convenience, since in practice not as much accuracy is required for piezoelectric constants
as for elastic constants. The width-thickness ratio should be greater than 2 for measurements with the Þeld
perpendicular to the length.

6.4.6 Radial Modes of Disks

A radial mode [B12], [B13], [B24]Ð[B26] can be excited in disks cut normal to the Z axis for materials in classes 3,
3m, 6, and 6mm. Due to the difÞculty of preparing disks from crystalline specimens, this mode has been used almost
exclusively for measurements on poled ferroelectric ceramics. Nevertheless, its importance in this connection warrants
coverage in this standard.

From the basic theory of the disk resonator presented in 4.6 one Þnds that the electrical impedance is given by

(151)

where t is the disk thickness, a the radius, and J1 is deÞned by Eq 112. If h1 is deÞned as 2pfsa/up, then h1 is the lowest
root of

(152)

Table 12 gives the variations of h1 with sp. Thus, from a measurement of the fundamental resonance frequency of a
disk resonator, one obtains

(153)

Eq 153 is clearly not sufÞcient to determine either  or sp. One convenient method [B12] to obtain sp is to measure
also the resonance frequency  of the Þrst overtone radial mode, given by the second lowest root of Eq 152. The
ratio  then depends only on sp and is given as a function of sp in Table 12. Once sp is found in this way, 
may be calculated from Eq 153. Another method for measuring sp is described in IEC 444  (1973) [4].

If x1 is deÞned as wpa/up, that is,

(154)

then the planar coupling factor can be calculated as follows from measurements of the resonance and antiresonance
frequencies:

eij
T

Z w( ) t iwe33
T pa2¤( )=

   
J1 wa up¤( ) sp 1Ð+

1 k p
2Ð( ) J1 wa up¤( ) sp 1Ð 2k p

2+ +
------------------------------------------------------------------------------------------×

J1 h1( ) 1 spÐ=

s11
E  1 sp( )Ð 2( ) h1

2 r 2p f sa( )2¤=

s11
E

f s
2( )

f s
2( ) f s¤ s11

E

x1 h1 f p f s¤ h1 1
Df
f s
------ +è ø

æ ö= =
56 Copyright © 1988 IEEE All Rights Reserved



ON PIEZOELECTRICITY IEEE Std 176-1987
(155)

Table 12ÑFrequency Constant of Disk Resonator h1 = 2pfsa/up and Ratio of First Overtone to 
Fundamental Resonance Frequencies   as a Function of the Planar PoissonÕs Ratio

Figure 15 shows a plot of kp versus Df/fs for sp = 0, 0.3, and 0.6 as calculated from Eq 155. The coupling factor kp can
be calculated also from a measurement of the motional capacitance constant,

(156)

but a measurement of fp usually is preferable in this case.

The dielectric constant  introduced in 4.5 is related to the dielectric constants  and  by the following
expressions:

(157)

Thus, for materials in classes 3,3m, 6, and 6mm, the dielectric constants  and  are related by the simple
expression

(158)

Also, the planar coupling factor kp and the extensional mode coupling factor k31 are related by Eq 117, namely,

sp h1

0 1.84118 2.89566

0.05 1.87898 2.84258

0.10 1.91539 2.79360

0.15 1.95051 2.74826

0.20 1.98441 2.70617

0.25 2.01717 2.66699

0.30 2.04885 2.63043

0.35 2.07951 2.59625

0.40 2.10920 2.56423

0.45 2.13797 2.53416

0.50 2.16587 2.50589

0.55 2.19294 2.47926

0.60 2.21922 2.45414

0.65 2.24434 2.43040
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(159)

This last relation provides another technique for measuring sp.

Figure 15ÑPlanar Coupling Factor of Thin Disk Versus (fp Ð fs)/fs for sp = 0, 0.3, and 0.6

In measuring radial-mode resonators one should normally have t < 20a to approximate the assumed inÞnitely thin disk.
However, when one is measuring the Þrst overtone radial mode to determine sp, this condition is not adequate, and one
should have t < 40a to ensure reliable results. The use of Rayleigh-type corrections as discussed in IEEE Std 178-1958
(R1972) [6], is not recommended when the primary intent of the measurement is the determination of material
constants.

6.4.7 Thickness Modes of Plates

In general, the thickness modes of plates are quite complex, as discussed in 4.3. For certain crystal symmetries and
orientations, however, only a single thickness mode is excited by an electric Þeld in the thickness direction, and
measurements on resonators vibrating in these modes are useful for determining certain piezoelectric constants. In
particular, a plate whose normal is along a two-, three-, four-, or sixfold axis, and whose plane is not a mirror plane and
contains no twofold axis, will vibrate in a pure thickness extensional mode. A plate whose plane contains exactly one
twofold axis (this includes , four-, and sixfold axes) will vibrate in a pure thickness shear mode, polarized along the
twofold axis.

For both thickness extensional and thickness shear modes, there are three relevant material constants, an elastic
constant cE, a piezoelectric constant e, and a dielectric constant ÎS. The electromechanical coupling factor k is given
in terms of these constants by

k31
l( )2 k p

2  1 spÐ( ) 2¤=
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(160)

The elastic constant is related to the frequency fp:

(161)

where t is the plate thickness, and the electrical impedance is of the form

(162)

where A is the electrode area. From Eq 162 one Þnds that the coupling factor can be determined from the frequencies
fs and fp,

(163)

or from the motional capacitance constant:

(164)

When k < 0.1, G = 8Îsk2/p is an adequate approximation to Eq 164, and for k > 0.1 values of G/ÎS versus k are given
in Table 11.

For some speciÞc examples, a Y-cut quartz plate (class 32) vibrates in a pure thickness shear mode and the relevant
constants are , , , and . A Z-cut cadmium sulÞde plate (class 6mm) vibrates in a pure thickness
extensional mode and the relevant constants are , e33, , and .

In measuring thickness mode resonances, the plate thickness should be 0.1 or less times the smallest transverse
dimension. Even if this is the case, coupling to high overtone contour modes is frequently a serious problem. Often the
plate dimensions must be changed slightly to get a clear resonance for measuring fs.

Due to the many spurious resonances from high overtone contour modes, it is not desirable to attempt a direct
measurement of fp. It is preferable to determine fp from high overtone resonances as mentioned in 4.3 and discussed
further in 6.5. The coupling factor can then be calculated using Eq 163. An alternative procedure [B10] is to measure
the frequencies of the fundamental and Þrst or higher overtone resonances and use the ratio to calculate the coupling
factor. For materials with small coupling factors, however, Df is small, and it may be more accurate to measure the
motional capacitance.

6.4.8 Other Modes

IEEE Std 178-1958  (R1972) [6] discussed certain other modes, speciÞcally contour modes of square plates. Since the
analysis of these modes involves more severe approximations than those used in this standard, and since the range of
validity of these approximations cannot readily be determined in all cases, the use of these modes for measuring
material constants is not recommended in this standard.

6.5 Measurement of Plane-Wave Velocities

For piezoelectric materials, the plane-wave velocities, as discussed in 4.2, are related to the fundamental material
constants by Eqs 49, 50, and 47, which may be written as follows:
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(165)

with

(166)

The determinantal equation 165 yields three positive real eigenvalues rV2 to give the velocities of the three plane
waves propagating in the direction n. Thus it is possible, in principle, to determine each of the elastic and piezoelectric
tensor elements if one measures the propagation velocities of plane waves for a sufÞcient number of distinct
propagation and particle displacement directions in the solid. One must then Þnd values of the constants that yield the
measured velocities when substituted into Eqs 165 and 166.

6.5.1 Pulse-Echo Methods

The term Òpulse-echo methodsÓ encompasses those techniques in which the plane-wave velocities are determined
from pulse transit time measurements. There are a variety of speciÞc techniques for measurements of this type. The
choice of which one to use depends upon whether absolute or relative measurements are wanted, the required accuracy
of the velocity measurement, and also upon the properties of the material under consideration. For all the common
pulse-echo techniques, a piezoelectric transducer, usually a thin quartz plate, is afÞxed to the sample to act as a
generator and receiver for the propagating stress waves. (Sometimes two transducers are employed in a transmission
arrangement where the stress wave is generated at one end of the sample and received at the other end.) A short radio-
frequency electrical pulse is applied to the transducer, and a series of pulses is then observed (on an oscilloscope, for
example) as the acoustic disturbance is reßected back and forth within the sample. The velocity is then computed from
the pulse transit time and the sample thickness (Fig 16). Variations of this basic scheme are available to measure more
accurately the time delay between the echoes. With these variations one can compensate for various inaccuracies that
can occur, for example, the phase shift in the bond between transducer and sample, the effect of distortion of the pulses
during reßection, and so forth. The predominant characteristics of some of the more common techniques are
summarized in Table 13 together with references to articles in which the details of a particular method may be found.
It is evident from the table that the most accurate methods are those which rely on a pulse interference technique.
Several general discussions of ultrasonic velocity measurements are also available [B28], [B35]Ð[B37].
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Figure 16ÑPulse-Echo Measurement of Velocity (a) Pulse Reflection (b) Pulse Transmission (c) 
Received Pulse Pattern, Velocity u = t/t

It should be noted that for plane waves propagating in an arbitrary direction in a crystal, the energy ßux vector, deÞned
by Eq 26, generally is not collinear with the propagation direction n. If the deviation is large and the sample
dimensions are not much larger than the size of the transducer, some portion or all of the ultrasonic beam may hit the
side boundaries before reaching the far end of the sample.

6.5.2 High Overtone Thickness Modes

As indicated in 4.3, the thickness modes of an arbitrarily anisotropic plate are exceedingly complex. While it is
possible in principle to extract information about material constants from measurements of the impedance versus
frequency near a resonance, it is not practical to do so. Thus, in this case the measurements are restricted to the
resonance frequencies of high overtones, in the limits where Eqs 59 and 60 apply. This measurement then yields the
plane-wave velocities for waves propagating in the thickness direction of the plate. That is, from Eq 60,

(167)

V n( ) 2 f s m,
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where  is the mth overtone resonance frequency of the nth mode, V(n) is the plane-wave velocity corresponding to
that mode, and t is the plate thickness. The overtone frequencies are high enough when the velocity computed from Eq
167 remains constant to within ±0.1% for three successive values of m.

To measure the high-overtone resonance frequencies, one can use any convenient technique to excite the mode to be
measured. Thus, some modes (unstiffened modes) cannot be excited by an electric Þeld in the thickness direction of
the plate. One can sometimes excite these modes by an electric Þeld in the plane of the plate (see 4.4), and hence both
electrode conÞgurations shown in Fig 17 are useful for these measurements.

Table 13ÑCommon Pulse Measurement Techniques for Ultrasonic Velocity Determinations

The effect of mass loading by the electrodes, discussed in 4.3, is more important for the measurement of high overtone
resonances than for any of the other resonator measurements, but this is not found to be a serious problem in practice.
If the plate is made with a reasonable thickness (1 mm has been found to be a good choice for many materials), and if
a low-density electrode material such as aluminum is used, the resonance frequency reduction due to electrode inertia
is easily held to a few parts in 104.

Finally, it should be noted that measurements of high overtone thickness mode resonances yield exactly the same
information as pulse-echo measurements of plane-wave velocities. The velocities measured in this way are accurate to
about 1 part in 103, primarily due to limitations in making the major surfaces of the plates ßat and parallel and
determining the plate thickness. The accuracy is almost an order of magnitude worse than that obtainable by pulse-
echo techniques. Hence the pulse-echo methods are preferred if the instrumentation and samples are available to use
them.

6.5.3 An Example

Pulse-echo measurements of ultrasonic velocity can be used in conjunction with other experimental techniques to
determine the fundamental material constants. Or in some instances, it may be convenient to determine all the
constants from the plane-wave velocities. As an example, a procedure for obtaining the constants for a material of class
23 (bismuth germanium oxide, for example) is outlined here. This high symmetry is chosen for simplicity-, a lower

Method Features Accuracy Sensitivity References

Detected pulses Time delay between successive leading 
edges of the detected echoes is 
measured. The required apparatus is 
relatively simple.

10-2 10-3 Lazarus [B27]
McSkimin [B28]

Pulses with carrier 
display

Same as the preceding, except that the 
delay is found by observing the flat half-
cycle of the RF carrier in each echo. 
Most useful for low-megahertz 
frequencies in low-loss materials.

10-3 10-5 Forgacs [B29]

Pulse superposition or 
phase cancellation

Either the pulse repetition rate or the 
carrier frequency is adjusted so as to 
cause constructive or destructive 
interference of successive echoes. The 
accuracy and sensitivity depend upon the 
apparatus and assume that suitable 
corrections for transducer and bond have 
been added.

10-4 10-5 McSkimin [B30]
Williams and Lamb [B31]
McSkimin and Andreatch 
[B32], [B33]

Sing-around A detected transmitted pulse is used to 
trigger the pulse generator for the next 
pulse. The velocity is then measured by 
observing the pulse repetition rate. This 
technique is most useful for measuring 
small changes in velocity.

10-3 2 á 10-5

to
10-7

Forgacs [B34]

f s m,
 n( )
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symmetry class would require a more complicated analysis. A crystal of this symmetry has three independent elastic
constants, one piezoelectric constant, and one dielectric permittivity constant (see Table 8). These Þve constants can be
found from four ultrasonic velocity measurements and one low-frequency capacitance measurement, which
determines the ÒfreeÓ permittivity . For propagation in the (100) direction, the longitudinal-wave velocity is  =

, and there are two shear waves, each having the same velocity  = , where r is the density. For
propagation in the (011) direction (rotation of the crystal by 45 degrees about the X axis), one measures the velocities
of the two shear waves for which  =  + /  (displacement along (100)) and  = [frac12] (  - )
(displacement along (011)). These measurements, together with the relationship  =  - / , are sufÞcient to
determine all the constants:  and  are determined directly,  is then computed from u4, and the piezoelectric
constant e14 is computed from the equations

(168)

or

(169)

The sign of e14 is positive according to the convention on the choice of axes in Section 3.

Figure 17ÑElectrode Configurations for Thickness Vibrations

Notice from Eq 169 that e14 is given in terms of the difference between a stiffened and an unstiffened velocity. If e14
is very small, it cannot be determined accurately in this way. Thus the use of velocity measurements to obtain
piezoelectric constants is best suited to cases where the piezoelectric stiffening is large. However, the elastic stiffness
constants can be found more accurately from pulse-echo measurements than by any other method.

6.6 Temperature Coefficients of Material Constants

Temperature coefÞcients of the elastic, piezoelectric, and dielectric constants are important for predicting the variation
with temperature of the frequency response of practical resonators and Þlters. For materials with small
electromechanical coupling, such as quartz [B38]Ð[B40], the piezoelectric and dielectric constants usually have a
negligible effect on the temperature response of devices using the material; only the temperature coefÞcients of the
elastic constants and the thermal expansion coefÞcients are signiÞcant. When the electromechanical coupling is large,
for example, as in LiTaO3 [B41], the temperature coefÞcients of all constants may be signiÞcant.

The nth-order temperature coefÞcient of the quantity q at the reference temperature q0 is deÞned by
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where q0 = q(q0 so that

(171)

Measurements of the type described previously in this section made as a function of temperature are used to obtain the
temperature coefÞcients of material constants. Two methods are available for computing the coefÞcients from the
measurements.

1) The equations for ultrasonic velocity or frequency may be differentiated with respect to temperature and the
coefÞcients of the constants explicitly computed from the coefÞcients of velocities or frequencies.

2) The constants may be calculated at each of several temperatures and their coefÞcients found by curve Þtting.

The Þrst method is particularly appropriate either when the material is of high symmetry so that the equations are
simple, or when satisfactory results are obtained by neglecting the piezoelectric and dielectric constants. The second
method is mathematically simpler but less direct. Ordinarily not more than the lowest two coefÞcients can be extracted
reliably by these methods. An exception occurs when the lowest coefÞcients become very small for certain speciÞc
orientations.

Certain precautions must be observed in the measurement of temperature coefÞcients. The validity of the power series
approximation to the temperature behavior should be tested. If more than two coefÞcients are needed to Þt the data, the
possible presence of a phase transition or anomaly due to an impurity should be investigated. The effects of mechanical
supports, electrode size, plate geometry, and drive level for resonator measurements should be minimized as far as
possible. Anomalous pulse patterns due to irregularities in the sample, transducer, or bond must be avoided in the case
of ultrasonic pulse-echo measurements. Such effects may often be detected by comparison of measurements at slightly
different frequencies.

Finally, a good test of the derived temperature coefÞcients is the prediction and conÞrmation of the temperature
behavior of resonators of simple geometry from the fundamental constants.
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